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Abstract. Wc study conditions under wliicli sub-complexes of a double complex of vector spaces allow 
to compute the Bott-Chern cohomology, especially with the aims to study the Bott-Chern cohomology 
of a special class of solvmanifolds, and to study the L.-S. Tseng and S.-T. Yau cohomologies of compact 
symplectic solvmanifolds. 



Introduction 

Given a double complex [A*'', d, d) of vector spaces, other than the cohomology of the associated 

total complex (^^p^g^, A^''' , d + and the cohomologies of the rows (A*'"^, d) and of the columns 

(A^'*, 9), one can define also the Bott-Chern cohomology, respectively the Aeppli cohomology, namely, 
the cohomologies of the complexes 

j^P-i..q-i ^ d+d ^p+i^g ^ ^p,,+i ^ respectively, Ap-^-"^ © AP^'^~'^ W A^'^ ^ . 

For a compact complex manifold X, the Bott-Chern and the Aeppli cohomologies of the double 
complex (a*'*X, d, d) have been studied by many authors in several contexts, see, e.g., [Tl ?IT\ IT71 1^ 
l82l [2 [77l [58l [181 EH 12 H] j a-nd they appear to be a completing useful tool besides the de Rham and 
the Dolbeault cohomologies. In this spirit, in [8], it is shown that an inequality d la Frolicher, involving 
just the dimensions of the Bott-Chern cohomology and of the de Rham cohomology, holds true an any 
compact complex manifold, and further allows to characterize the validity of the 99-Lemma (namely, 
the very special cohomological property that every i9-closed 9-closed d-exact form is 99-exact too, see, 
e.g., [36]). 

The property of satisfying the i99-Lemma turns out to be equivalent to the Bott-Chern cohomology 
being naturally isomorphic to the Dolbeault cohomology, |36[ Remark 5.16]. Therefore, since compact 
Kahler manifolds satisfy the 9i9-Lcmma because of the Kahler identities, [33 Lemma 5.11], the Bott- 
Chern cohomology reveals to be particularly interesting in studying complex non-Kahler manifolds. 

In non-Kahler geometry, a very fruitful source of counter-examples is provided by the class of nilmani- 
folds and solvmanifolds, namely, compact quotient of connected simply-connected nilpotent, respectively 
solvable. Lie groups by co-compact discrete subgroups. In fact, for instance, the geometry of nilmanifolds 
is quite easy to understand to be often reduced to the study of the associated Lie algebras, |^ 1751 [T5] . 
but not so easy to not admit too strong geometric structures, [T6j|46|. More precisely, on a nilmanifold, 
the finite-dimensional sub-complex of left-invariant forms (namely, the forms being invariant for the ac- 
tion of the Lie group on itself given by left-translations) suffices in computing the de Rham cohomology, 
[691 148] ■ and, whenever the nilmanifold is endowed with a suitable left-invariant complex structure, also 
the Dolbcauh cohomology, [71 [Ml [HI [H [75] , and the Bott-Chern cohomology, [1]. 

Enlarging the class of nilmanifolds to solvmanifolds, it turns out that the left-invariant forms are 
usually not enough to recover the whole de Rham cohomology: see, for example, the non-completely- 
solvable solvmanifold provided in [M] §3, §4, Corollary 4.2]. The de Rham cohomology of solvmanifolds 
has been studied by several author, e.g., A. Hattori [35], G. D. Mostow [57], S. Console and A. Pino [3D], 
and the second author [SDl [Mj ; several results concerning the Dolbeault cohomology have been proven by 
the second author, [5TJ[S1]; such results allow to study Hodge symmetry, Hodge decomposition, formality, 
and the Hodge and Frolicher spectral sequence on solvmanifolds, [52l [53[ [55] . 
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In order to further investigate the complex geometry of non-Kahler manifolds and especially its coho- 
mological aspects, we are interested, in this note, in studying Bott-Chern cohomology of a certain class 
of solvmanifolds. More precisely, we start by studying conditions under which the Bott-Chern cohomol- 
ogy of a double complex can be completely recovered by a suitable sub-complex; see Theorem 11.31 and 
Thcorcm ll.6l As an application, we then get the following result. 

Theorem (see Theorem 12.161 and Theorem 12. 24p . Let G be a connected simply-connected solvable 
Lie group admitting a co-compact discrete subgroup T and endowed with a G -left-invariant complex 
structure. We suppose that: 

• G is a semidirect product C" x^N ofC^ and a connected simply- connected nilpotent Lie group N 
endowed with a N -left-invariant complex structure satisfying some conditions (see Assumption 
WA1\) . or 

• G is a complex Lie group, 

and we consider the solvmanifold T\G . Then we construct an explicit finite dimensional sub-complex 
G''' of the double complex (A'^' T\G , 9, 9) which computes the Bott-Chern cohomology of T\G . 

As an application, we explicitly compute the Bott-Chern cohomology of the completely-solvable Naka- 
mura manifold and of the complex parallelizable Nakamura manifold, providing also an example proving 
the following result. 

Theorem (see Theorem I2.20p . Satisfying the dd-Lemma is not a closed property under small 
deformations of the complex structure. 

In this paper we also consider the cohomology of compact symplectic manifolds which is introduced and 
studied in [75], see also [501 EH- For a compact symplectic manifold {X,uj), considering the symplectic 
adjoint operator d^ := [d, — t^j-i] on the dc Rham complex A'X , define the finite dimensional cohomology 

kcrdnkerd^ 
^BcK^) — : — tta — ■ 



im 



dd' 



Call this cohomology the symplectic Bott-Chern cohomology. In fact H^(j{X) is represented as the 
Bott-Chern cohomology of a certain double complex, see Section 12.61 furthermore, in the context of 
Generalized Geometry, [JH [531 [M] : it appears as the symplectic counterpart of the complex Bott-Chern 
cohomology, |81| . As similar to the complex case, we compute the symplectic Bott-Chern cohomology 
of compact symplectic solvmanifolds. 

Consider a solvmanifold T\G . If T\G is a completely-solvable solvmanifold, then we can compute 
the de Rham cohomology H'{T\G ;R) by using the cochain complex A'q* of the left- invariant forms, 
[15] . We prove the following result. 

Theorem (see Theorem I2.32p . Let r\G be a completely-solvable solvmanifold endowed with a 
G- left- invariant symplectic structure u. Then we can compute the symplectic Bott-Chern cohomology 
H%(j{T\G) by using A'g*. 

We notice that, in M. Maori provided a different proof of the same result. 

For a general solvmanifold r\G, the second author construct in [SO] a finite dimensional cochain 
complex Ap of A' T\G (X)r C which computes the C-valued de Rham cohomology H'j^{T\G ;C). By 
using Ap, we compute the C- valued symplectic Bott-Chern cohomology. 

Theorem (see Theorem I2.33p . Let T\G be a 2n- dimensional solvmanifold endowed with a G-left- 
invariant .symplectic .structure uj. Consider the sub-complex A' o/ A* T\G ®k C as in ([T}. We suppose 
that Lo € Ap. Then A* computes the C-valued symplectic Bott-Chern cohomology Hg(j(T\G) (Xir C. 

Acknowledgments. The first author would like to warmly thank Adriano Tomassini for his constant 
support and encouragement, for his several advices, and for many inspiring conversations. The second 
author would like to express his gratitude to Toshitake Kohno for helpful suggestions and stimulating 
discussions. The authors would like also to thank Luis Ugarte for suggestions and remarks. 



1. Computing the cohomologies of double complexes by means of sub-complexes 

In this section, we study several cohomologies associated to a bounded double complex of C-vector 
spaces; in particular, we are interested in studying when such cohomologies can be recovered by means 
of a suitable (possibly finite-dimensional) sub-complex. 
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1.1. The cohomology of the associated total complex. Let (A* *, d, d) be a bounded double 

complex of C-vcctor spaces, namely, d S End^'° {A*'*) and d G End"'^ (^''') ai'c such that = = 
[8,^1 = 0, and Ap^"^ = {0} but for finitely-many {p, q) e Z^. Denote by 

|Tof(A''*) := d:=0 + aj 

\ p+g=» / 

the total complex associated to {A' ', d, d). The bi-grading of [A''', d, d) induces two natural bounded 
mtrations of (Tot* {A*'*) , d), namely, 

'F^Tof(A-^') := A-'\ d^Fp TotVA-.-) I (Tof (A'^') , d) 



r+s— • 



and 



'^^*Tof(A-) dL"F,Tof(A...) (Tof(A-), d) 

r+s=m j 

s>q / 

Such filtrations induce naturally two spectral sequences, respectively, 

{{'e:'' {a'^', a, d) , 'd.)},,^ and {("£;;-• (A-^-, a, a) , "d^}^^^ , 

such that 

'El'-" {A'-', d, d) ~ H'^ {A'''\ d) => H''+'' (Tot* {A''') , d) , 

and 

"El''" {A''', d, d) ~ H'' {A'''\ d) H'^+'^ (Tot* {A'-') , d) , 

see, e.g., [65l §2.4], see also gH §3.5], [HI Theorem 1, Theorem 3]. 

One gets straightforwardly the following result, providing a sufficient condition under which a sub- 
complex (C*'*, 9, 9) ^ (^''*, a, 9) allows to recover the cohomology of (Tot' [A'-') , d). 

Proposition 1.1. Let (A*'*, d, 9) &e a bounded double complex of ^-vector spaces, and let 
[C*'' , d, d) ^ {A*'', d, d) be a sub-complex. If, for every p E Z, the induced map (C^'*, d) ^ {A^'*, d) 

of complexes is a quasi-isomorphism, then the induced map 

(Tof (C--) , d) ^ (Tof (A''') , d) 

of complexes is a quasi-isomorphism. 

Proof. The inclusion (C*'*, d, d) ^ {A*'', d, d) induces a morphism 

{('F^Tof(C-), d)}^^,^{('F^Tof(A-), d)}^^, 
of the associated bounded filtrations, and hence in particular a morphism 

{{'E^ {C'', d, d) , 'd.)},,^ ^ {{'e;-' {a-'-, d, d) , 'dO},,^ 

of the associated spectral sequences. 

By the hypothesis, the inclusion induces an isomorphism at the first levels, 

'E\'' (C*'*, 9, d) — ^ 'E'{' (A'-*, d, d) 



H' (Tot* (C"^') , d) ^ H* (Tot* {A''') , d) 

and hence, A'^' being bounded, also an isomorphism 

H' (Tot* {C'^') , d) 4 i/' (Tot* {A'^') , d) 
see, e.g., |65l Theorem 3.5]; in particular, the induced map 

(Tot* (C*'*) , d) ^ (Tot* (A*^*) , d) 

is a quasi-isomorphism. □ 



1.2. The Bott-Chern cohomology. For any {p,q) G Z^, other than the cohomologies of 
(Tot* {A*-'*) , d), of {A'-'^, d), and of [A^'', d), one can consider also the Bott-Chern cohomology, |21j . 
namely, the cohomology of the complex 

and the Aeppli cohomology, [I], namely, the cohomology of the complex 

1.2.1. Conditions yielding a surjective map in Bott-Chern cohomology. In order to study conditions 
under which the Bott-Chern cohomology of a double complex can be recovered by means of a suitable 
sub-complex, we provide the following lemma. 

Lemma 1.2. Let [A''', d, d) be a bounded double complex of C-vector spaces, and let (C*'*, d, d) ^ 
[a*'*, d, d) be a sub-complex. Suppose that, for every p S Z, the induced map (C^'*, 9) ^ {A^'' , d) of 

complexes is a quasi-isomorphism. If (j> G AP''^ is such that d(j> € C^''^"'"^, then there exist (j> G C^''^ and 
e such that (l) = (f>-\-d4>. 

Proof. One has 

since the map Hi+^ {CP', d) 4 {Ap^', d) is injective, then d(j) £ im(9: Cp-^ CP'«+i): let 

4>i e CP'« be such that 

d(j) = d(j)i . 

Therefore, 

mod im9) e H''{AP-',d) ; 

since the map H'^ {CP ', d) 4 {AP'' , d) is surjective, then there exist ^2 G ker (9: CP'« ^ Cp-'J+i) 
and (j) e such that 

cj)-(j)l = 02 + 90 , 

that is, = + 90 where := 0i + 02 € C^'' and G ^J'-^^'?. □ 

The following result gives a first partial answer concerning the relation between the Bott-Chern coho- 
mology of a double complex and the Bott-Chern cohomology of a suitable sub-complex; compare it with 
[H Theorem 3.7], which is in turn inspired by M. Schweitzer's computations on the Iwasawa manifold in 

Theorem 1.3. Let (A*'*, d, 9) be a bounded double complex of C-vector spaces, and let {C'' , 9, 9) ^ 
{A*'' , 9, 9) be a sub-complex. Fix {p,q) G Z^. Suppose that: 

(i) for every r £ Z, the induced map (C""'*, 9) ^ (^'^'*, 9) 0/ complexes is a quasi-isomorphism, 
(a) for every s G Z, the induced map (C*'", 9) ^ (^*'^, 9) of complexes is a quasi-isomorphism, 
and 

(Hi) the induced map 

ker (d: TotP+« (C"^') ^ TofP+'+i (C"^')) n CP'? ker (d: TotP+« (A*'*) ^ Tot^+'+i (A*'*)) n Ap^"? 
im (d: TotP+'-i (C"'') ^ Totf+« (C"'')) ^ im (d: Totf+«-i (A'.') ^ TotP+? 
is surjective, in fact an isomorphism. 
Then the induced map 

^(jp-l,q-l ^ (jp,q d+d Qp+l,q ^ fjp,q+l^ ^ j\P,q ^P+l,<3 ^P,<;+1^ 

0/ complexes induces a surjective map in cohomology. 

Proof. Up to shifting, assume that ^''^^ ~ {0} whenever (r, s) ^ N^. 

Step 1 - Firstly, we prove that, under the hypotheses (i) and (ii) , the inclusion {C* *, 9, 9) ^ 
{A*'*, 9, 9) induces, for every (r, s) G Z^, a surjective map 

im (d: Tot''+"-^ (C-*) ^ Tot'^+'' (C"'*)) n C''' ^ im (d: Tof+"-^ {A'^') Tof+" (A*'*)) n A"-'" 



im (99: C^-i.'^-i ^ C-'*) im (99: A'-i.^'-i ^ 



Indeed, let 



(w'^-'' mod im{dd: A"-^'"-^ ^ A'''")) ~. {dr, mod im{dd: A"-^'"-^ ^ A'''")) 

im (d: Tof+''-^ {A'-') Tof+" {A''')) n A"-'' 
^ im {dd: A'-i.^'-i ^ A'^''^) ' 

Consider the bi-degree decomposition ?] =: X^abez where r/"-'' e ^4"''', for a, 6 e Z. Hence, consider 
the system 

g^r+s~1.0 ^ Q 

Q^^r+s-i,i-i ^ ^ g for £e {!,..., s-1} 

djjr,s-i drj"-^'" = uj''-' mod im{dd: A"-^'-'-^ ^ A'''") 

Q^t,r+s-e-i _^ g^e-i,r+s-e ^0 for £e {!,..., r-1} 

Set 7y'"+«"2,-i g^j^^ consider the equation 

Q^r+s-Lt-l ^ Q^r+s-e-l,e ^ q -^^ I^qq. ^ ^r+s-f/^ for f € {0, . . . , S - 1} . 

If g Qr+s~i,i-i gQjj^Q £ g . . . , s — 1}, then, by applying Lemma 11.21 to the double 

complex {A'^', d, d), one gets that there exist ^1^+^-1-1-/ ^ (jr+s-e-il f^r+s~i^2i ^ pr+s-l-i,! 
such that 

therefore, when £ < s — 2, one gets the system 




















-1-^ = 


for 










= 










+ a (^?/''+" 











d ^'qr+s-e-2,e+l _ -Qf^r+s-l-2,I^ ^ Q^r+s-l-3i+2 ^ q 







for 


£e {£~+3,...,s- 1} 










Q^e.r+s-i-1 ^ 


g^e-i,r+s-e ^ 


for 


£e{l,...,r-l} 











where ^ g (jr+s e ^-^^ when £ = s — 1, one gets the system 

( 5r;''+"-i'0 



g^r+s-lj-l _|_ g^r+s-e-1 


^ = 


for 


£e {1,.. 


.,5-2} 


g^r+l,s-2 ^ g~r,s-l ^ q 










gf^r,s~l ^ g^^r-hs ^ ^r.s 


mod im(9c): ^''-i'"-! - 








'g^^e/r+s-e-1 _|_ gj^f-'^^r+s- 


^ = 


for 


{!,.. 


.,r-l} 























In particular, since 77''+"' ^' ^ = G (7'"+'* 2, 1 .^^g j^g^y assume that if'^ ^ e C''' ^. 

Analogously, by applying Lemma [L^ to the double complex (A*'*, d, 9) , we may assume that rf~^-^ £ 



Therefore 

w*^'" mod im {dd: A"-^^''^ A""-') ^ {drj''^'-'^ + di^"-^'') mod im {dd: A"-^'''^ A''^') 

im (d: Tot''+"-i {C'-') Tot''+" (C"'*)) n C'" 

^ im [dd: A^-^-^-^ A'-^) ' 

(d: Toi''+'-^ {A*-*) ^ Tot''+" (A'-*)) n A^-^' 



that is, the induced map 

im (d: Tof+"-i [C'-') ^ Tot'^+' (C"'*)) n 



im(a9: C^-i-^-i ^ C"-'") im{dd: A^-^-^-^ A''-'') 

is surjective. 

Step 2 - Now, we prove that, under the additional assumption (iii)\ the induced map 
ker {d: C'P 'i C^+i'*) n ker (9: C^'? -> C^'^+i) ker (9: ^p-^ -> A^+i^?) n ker (9: ^ 



im(99: Cp-i.9-i ^ Cp.«) 

is surjective. 

Indeed, consider the commutative diagram 

= 



im [dd: Ap-^'H-^ Ap-i) 



im(d: Tot'•+''~'^{C'''}-^TotP+1{C^'^))nC''•' 



im(d: Totf+«-i(A*'*)-^TotP+''(yl*'*))nAP" 



ker(0: C'''''^C''+^''')nkor(a: CP'''^C'''''+^) kcr(a: A''-''^A''+^-'')nkci{a: A''-''^A'''''+'^) 



kGr(d: Tot''+''(C*'*)-J-TotP+''+i(C*'*))nC'''« 
im(d: TotP+9-i(C*-*)-i-TotP+'J(C*'')) 



kor(d: TotP+''(A*'*)^Totf+«+i(A*'*))nyl''-' 
im(d: TotP+''- ^ (A* )^-TotP+'J (A'-' )) 




whose rows and columns are exact. By the Five Lemma, see, e.g., [651 page 26], the map 
ker (d: CP'I Cp+^'1) n ker (d: CP''^ -> Cp^''+^) ker {d: Ap^i Ap+^^i) n ker (B: AP'I AP'1+^) 



im {dd: Cp-i.^-i ^ CP'I) im {dd: Ap-^'1-^ Ap-i) 

is surjective, completing the proof. □ 

1.2.2. Conditions yielding an injective map in Bott-Chern cohomology. In order to provide conditions 
under which the inclusion of a suitable sub-complex induces an injective map in Bott-Chern cohomology, 
we consider a further structure of Hilbcrt space on the double complex. (For similar results in the case 
of solvmanifolds, see [29l Lemma 9], [H Lemma 3.6].) 

1/2 

Let ^ be a Hilbert space, with inner product (• | ••) : A x A — C. Denote by ||-|| := (• | •) the 
associated norm. 

Given a densely-defined linear operator L: A^ dom(L) — >■ ^ on A, denote by 



L*^^. I : dom {L*^^, | ..^ j A 
its (• I ••)-adjoint operator, that is, the unique linear operator with domain 

dom ^L* I ..^^ := {y ^ A : {L-\y) : dom(L) — > C is continuous} 

and defined by 

Va; e dom(L), Vy e dom (^L* I ..^^ , {Lx\y) = (x L\.\..)V^ ■ 



Given a closed sub-space C of A, denote the induced inner product on C by (• | := (• | ••) [cxc : C x 
C — > C, and the orthogonal projection onto C by 7r|^| y. A ~^ C Q A. One has that 

7rf|..)Lc= idc and |(id^ -Trf , (A)) = {0} . 

(To simplify notation, we do not specify the inner product (• | ••) in writing the projection or the 
adjoint, whenever it is clear from the context.) 

We firstly record the following lemma, stating that if L commutes with ttc, then also L* does. 

Lemma 1.4. Let A he a Hilbert space, with inner product (• | ••). Let L: AD dom(L) A be a densely- 
defined linear operator on A. Let C be a closed sub-space of A contained in dom(L) and in dom ^L* | . 
Suppose that 



^ - L = L o ttF, v : dom(L) C 



^(■|-> ° - - - - "(.|..) 



Then 



A- 1 ■■) ° 1 ■■) ^ I ■■> ° '^X I ■■> ■ ^'^^ { -^(- 1 ■■> ' ^ ^ 



in particular, L* | ..^ Lc ^ C — > C , and hence {L\_c)*. \ — L*. | \_C- 

Proof. It suffices to note that tt^ : A C <^ A is self-(- 1 ••)-adjoint: for any a, /3 G A, 

{TT^a\/3) = {TT^a\(3- ^ (n'^ a \ tt'^ 13) = (n'^ a + {a ~ a) \ tt^ 13) = (a | 7r^/3) . 

It follows straightforwardly that Tr'~"' o L* = L* o tt*^ : dom(L*) — > C. In particular, since tt^Ic— idc 
and C C dom(L*), it follows that L* (C) = (i* o tt^) (C) = (tt^ o L*) (C) C C, and hence L*, , ..^ [c= 

(iLc);.|..)^ :C^C. □ 

Now, let A''* be a Hilbert space, with inner product (• | ••) such that Ap '"^ ~ {0} for every 

ip,q) ^ ip',q')- Let 

d: A''' Ddoni{dy-' ^ A'+^'* and 9: A*'* D dom(a)*-* ^ 

be densely-defined linear operators yielding a structure ^(dom(9) n dom((?))''' , 5, of bounded double 
complex of C- vector spaces. Denote by 

d* := dl^..y. A'^' Ddom{d*)'-' ^ A'-^'* and d* := dl ^ ..y. A''' D dom (d*y^' ^ A'''~^ 

the (• I ••)-adjoint operators of d and, respectively, d. 

Following [57j Proposition 5], see also [TTl §2.b, §2.c], define the (densely-defined) self-(- 1 ••)-adjoint 
operator 



(dd) (dd)* + (dd)* (dd) + (a* a) + (d*d^ +d*d + d*d 



e HomO^o (dom (Af J ' ; A'^' 

The following lemma states that, under a suitable decomposition hypothesis, the Bott-Chern coho- 
mology of [A*'*, d, d) is isomorphic to ker A^*^. 

Lemma 1.5. Let A*'* be a Hilbert space, with inner product (• | ••) such that (^A^-'^ ^ = {0} for 

every {p,q) ^ {p',q'). Let d: A'^' D dom(a)''' ^ A*+^^' andd: A'^' D dom(9)*^' ^ A'-'+i be densely- 
defined linear operators yielding a structure ((dom(9) H dom(a)) ' , d, of bounded double complex 

of C-vector spaces. Suppose that the operator ^f.f..'^ G Hom"'*^ |^dom (^A^'^ ; A*'*^ induces the 
decomposition 

Then, for every (j>,q) G N^, the induced map 



dom(Af[:.J = kerAf[:.^ ® imAf[:.^ 



^ ker Af f..^ n ^ W [ AP-^^'^-'^ ^ %^ © AP^''+^ 



is a quasi-isomorphism. 



Proof. Note that, for every 77 e doni ^A^*-^^ , one has 



7^ = (dW)* 7] + \\ddri\\'^ + \\d* driW'^ + d* d-q + ||977||^ + j|(?77j|^ , 



hence 



kerA^'^ = kcr 9 n kcr 9 n kcr (99) * . 
On the other hand, since im A-^*-^ C im 99 ( im 9* + im 9 ) and ( im 9* + im 9 ) n (ker 9 n ker 9) 



{0}, one has 

im A^*^ n (ker 9 n ker 9) = im 99 . 

It foUows that 

, XBc ,„„ ~ kerA^Cn.4P'« + im 99 ker (9 + 9: A^'-J ^ ^p+I-? © ^f-^+i 

ker A-"*-' n A^''^ 7-:= ^ — ^ ^ 

im (99: ^ 



im (99: Av~^'i~'^ Av^i) 

completing the proof. □ 

We have now the foUowing result. 

Theorem 1.6. Let A''* he a Hilhert space, with inner product (• | ••) such that I^A^''^ A^ ''^^ = {0} for 
every {p,q) ^ {p\q'). Let 9: A*'* D dom(9)''' ^ A'+^^* andd: A' ' D dom(9)'-' A'''+^ be densely- 
defined linear operators yielding a structure ^(dom(9) H dom(9)) , 9, 9^ of bounded double complex of 
C-vector spaces. Let 

j: {C'^', 9, 9) ^ ((dom(9) n dom(9))''' , 9, 9^ 

be a sub- complex. Suppose that: 

(^) the operator Aff, e Hom"^° fdom (AffS' ; A'^') induces the decompos^on 



dom ( A|^[:.^ 



= ker A|^[:.^ ® imA^"^ 



(■|-> 



(ii) it holds that 

dl\..)[c'.' = {d[c'.')\.\..)^,, ■■ dom(^9*.|..^[c 

and 

dl\..)lc'-' = {dl 

in particular, it follows that 



C 



.BC I 



A 



BC 
{■\-)c 



_ e Hom'^-'^ dom A^^ Lc... ; C'-'] ; 



(Hi) i/ie operator A^j;^ [c.,.e Hom"'" (dom (A^I^^ ) ;C"'*) induces the decompositi 



(.|..>i 



Then, for every {p,q) G N^, t/ie induced map 



dom(Afj'..^[c... ) = kerAff..^[c.,.®imAff..^[c.. 



0/ complexes induces an infective map j* in cohomology. 

Proof. By Lemma 11.51 and under the hypotheses (i)\ (ii) and (Hi) one gets that both 
fo ^ ker Af [:.^ n ^P'« ^ o) f ^ ^p,<7 S^^' ^p+i,9 ^ ^p,9+i 



and 



(0 ^ ker Af[:.^[c...nCP^« = ker Af n ^ 0) J^c-p-i.?-! ^ CP+i'« © cf^«+^ 

are quasi-isomorphisms. 



Hence, one has the commutative diagram 
kerAff;.,[c...nCP'« 



(•I ■■>!-<-■ im(dd : Cp-'-i-'-^Cp-i) 



ker A^? , n AP'-^ 



kcr{d+d: AP-'3^AP+^-''eAP'''+^) 



(■|--) im(aa: Ap-^.i-^^Ap.i) 

getting that j* is injective. □ 
By using Lemma lTT^ one gets the following corollary of Theorem ll.6[ concerning closed sub-complexes. 

Corollary 1.7. Let A*'* be a Hilbert space, with inner product (• | ••) such that I^A^-'^ ^ = {0} for 

every {p,q) ^ {p',q'). Let d: A'^' D dom(9)*'' ^ A'+^^' andd: A' ' D dom(9)'^' ^ A'''+^ be densely- 
defined linear operators yielding a structure ((dom(a)ndom(a))''', a, 9) of bounded double complex of 

C-vector spaces. Let j: (C"^', a, d) ((dom(9) n dom(9))''* , d, a) be a closed sub-complex. Suppose 
that: 

(i) the operator K^9 ^ G Hom'^''' I dom ( A^P > ) ; A''' ) induces the decomposition 



domfAff;.^] = ker Aff;.^ ® imAff;.^ 



(ii) C"'' C dom(a)ndom(9)ndom(^0(* |..^jndoni(^c)^.|..^j, and tt^' ' o d = d o n^' ' : dom(5)'-' 
C'+i'* and t:'^" od o -K^''' : dom(a)''' ^ C"'*+i . 

Then, for every {p,q) G N^, the induced map 



J 

0/ complexes induces an injective map j* in cohomology. 

Proof. By Lemma 11.41 one has T^f.^'..-^ ° ^*|-> ^ '^*|-> ° '^f-\'--)' "^^'^^ (^* I ■■>) ^ C*~^'* and 
TT^i \ o (9/. I ..\ = d/.\..\ o TT^i' \: dom 1^(9^. I ..^^ ^ C''^^, and hence in particular 9*. |..^[ 



(. I ..) ° '-^{- 1 ••> ^ (■!■■) (-I--) ciom ^c^. I ..^ ^ — i- o ' , ana ncnce m particular c^. | ..^ [c*« = 
(^Lc...);.|..)^.,. : and9*.|..^Lc-= (die-. — : C'' ^ C'-i. 

Furthermore, it follows that T^f'^''-^ ° f ■) f--) ° ""H •*) ' "^"^ (^f f--)) ' ^ "^'^ particular, 

it follows that 

7r[:|:*^ (kcrAff..^) - kcrAff.^[c... and nf'''^{imAf.f..^'^ = im Af f..^ [c-.- , 
and hence one gets the decomposition 

dom(Af[:,Lc...)" = .f|.;(dom(Aff,)") (ker Aff.,)+.^|.; (imA| 



BC 



= kerAff!.^[c.,.®imAf[:.^[c.,. . 

Hence the hypotheses of Theorem II. 61 are satisfied, completing the proof. □ 



Note that hypothesis (Hi) in Theorem 11.61 is satisfied whenever the sub-complex C*'* is finite- 
dimensional. 

Corollary 1.8. Let A''' be a Hilbert space, with inner product (• | ••) such that i^A^''^ A^ = {0} 

for every {p,q) ^ (j)',q'). Let d: A*-* D dom(a)*'* A'+^^' and d: A'^' D dom(a)''' ^ A'''+^ be 

densely- defined linear operators yielding a structure of bounded double complex of C-vector spaces on 
(dom(9) n dom(9))*'* , d, d^. Let j : (C*'*, d, d) ^ ('(dom(c}) n dom(9))''' , d, be a sub-complex. 

,0,0 



Suppose that: 



(i) the operator A^j^^ G Hom*^'*^ fdom f A^j^^ j ; A*-*\ induces the decomposition 



Ao\n{Kf.^..^^ = ker A|^j:.) ©imA 



BC 

(■|-> 



(ii) C* * is finite- dimensional; 
(Hi) it holds that 

and 

Then, for every {p,q) G N^, the induced map 



J- 



0/ complexes induces an injective map j* in cohomology. 

Proof. Note that, if C*'* C (^dom 9 n dom d) ' is finite dimensional, as in (ii) then the C-hnear operators 
: C*'* — >■ C*~^^'* and C*'* ^ C*'*"'"^ are continuous, and hence dom (9[c«.« )*. | ..^ = 

dom ^9*. I ..^ [c".«^ = C*'* and dom ((9[c.,.)* I ^ = dom ^9^. I ..^ [c«>«^ C*'*. By hypothesis fmj 



it 



follows that A|^j:.^[c.,.= A^j:.^ G End°'° (C'^*). In particular, dom A|^[;.^ = dom A|"^..^ [c.,.= 

c*r 

Hence, in order to apply Theorem 11.61 it sufhces to show that, given a finite-dimensional C-vector 
space C endowed with an inner product (• | ••), any self-(- | ••)-adjoint endomorphism L G Hom(C) yields 
a decomposition 

C = ker L ® im L . 

Indeed, take keri C C and let C C be the C-vector sub-space of C being (• | ••)-orthogonal to kerL; 



± 



(■ I ■■> 



in particular, C = kerL © V. It suffices to show that V = imL. Since L is self-(- | ••)-adjoint, then 
(imi I kerL) = {0}, and hence imL C V. Since dime C = dime imL -I- dime kerL < -|-oo, it follows that 
actually 1^ = imL. □ 

Remark 1.9. Obviously, Theorem 11.61 as well as its corollaries, holds, with straightforward modifica- 
tions, also for the cohomologies associated to the operators A(. | := [d, d*], and □(. | ..) := [9, 9*], and 



9, 9 



, and A^ := 99* + 99 + (99) (99) + (99) (99) + (99*) (99*) + (99*) (99* 



2. Applications 



In particular, we are now interested in applying the general results of the previous section to suitable 
sub-complexes of the double complex (a*'*X, 9, 9) , where X is a compact complex manifold. We are 
especially interested in the case when X is a nilmanifold or, more in general, a solvmanifold. 

2.1. Complexes of PD-type. Let (A*'*, 9, 9) be a double complex of C-vector spaces. Suppose that 
A*'' have a structure A of C-algebra being compatible with the Z^-grading (namely, A^''^ /\ A^ C 
j^p+p ,q+q foj. every (p, q), (p' , q') G Z^), and with respect to which d := 9 + 9 satisfies the Leibniz rule, 
namely, 

for every a G Tot" A''' , [d, a A •] = d a A • G End°+^ (Tot* A'^') . 

Following the notation introduced in [511 §2] by the second author, (A*'*, 9, 9) is said to be a bi- 
dijferential Z^^ -graded algebra of PD-type if 

(i) whenever p < or g < 0, then Ap^? = {0}, and A°-° = C (1); 

(ii) there exists n G N such that, whenever p > n ot q > n, then A^''^ = {0}, and A"'" = C (v); (call 
n the PD-dimension of A''';) 

(Hi) for every (/i, fc) G {0,...,n}^, the bi-C-linear map A'^''^ x A"~'^'"~'^ -> induced by A is 

non-degenerate ; 
(iv) dTot°A*'* = {0} and dTot^"^^*'* = {0}. 

Given a bi-differential Z^-graded algebra [A*'', 9, 9) of PD-type, let (• | ••) be an inner product on 

A*'' being compatible with the Z^-grading, namely, (^AP'"^ A?' ^ = {0} whenever {p,q) ^ {p',q'), and 

being compatible with the PD-type structure, namely, {v\v) = 1. Define the C-anti- linear map 

A'l'*^ ^- suchthat for every a, /3 G A*'* , a A 5(. | ..)/? = (a | ^) • w 
(as above, we will understand the scalar product (• | ••) whenever it is clear from the context). 



(By considering the Hilbert space given by the (• | ••)-complction of A*'*,) one has that the operators 
d* -5(.|..)C'5(.|..): yl*'* ^ A— i'* and d* | ..) 9 5(. | ..) : A*-* ^ A*-— ^ 

are actually the (• | ••)-adjoint operators d* ^ .y respectively d*.\..), of d: A'^' ^4*+^'*, respectively 
d: A''* A''*^^, and the operator 

d* := d = d*+d*: Tot* A'-' ^ Tof^M*'* 

is actually the (• | ••)-adjoint operator dl | ..^ of d := 5 + 9: Tot' A'^' Tot'+^ A'-', [SH Lemma 2.4]. 

The following result is an application of Corollarv ll.Sl to the case of bi-differential Z^-graded algebras 
of PD-type. 

Proposition 2.1. Let [A*'*, d, 9) be a bi-differential 1? -graded algebra of PD-type of i>T>- dimension 
n. Let {■ I ••) be an inner product on A*'* being compatible with the I?' -grading and with the PD-type 
structure. (Consider the Hilbert space given by the {■ \ ■■) -completion of A'^' , and) suppose that the 
operator ^f.9..\ € End"'" {A''') induces the decomposition 



A'^' = kerAff:.^ eimAff:.^ 



Let (C*'*, d, d) ^ {A*'', d, 9) be a finite-dimensional sub-complex of (A*'*, d, d) having a structure of 
hi- differential 1? -graded algebra of PD-type of PD-dimension n induced by A*-* . Suppose that 

Then, for any {p,q) G 1? , the induced inclusions 
(Tof (C"^') , o> + 9) (Tof A''', d + d) , (C*-', d) ^ {A'-", d) , (C^'*, d) ^ {AP'\ 9) , 

and 



induce injective maps in cohomology. 

Proof. By the hypothesis that 5^. | ..^ [p.,. : C* * (jn-m,n-» ^ ^^^^ ^Yia,t 

*{. |..)Lc'-' = *{-|->c.... 

(indeed, let a G C '; then, for any /3 £ C* * , it holds that | .o; — *{• | --jOi) A/3 = 0; by taking /3 = 
*(. I ..) (*(. I ..)^, ,ct — *{■ \ ■■)Ct) G C"'*, one gets hence that actually | ..^^^ . = *(• | ••)Q^)- Ii^ particular, 
it follows that 

9*.|..)Lc"'' = (-5(.|..)9*(.|..)) [c'.' -*(-|-->e.,. c'Lc'.'*{. |..>c.,. (^Lc'-')(. : C**'* ^ C*'"^'* 

and 

^{•|->Lc'-' = Lc'.' = -*{-|-)c.,.^Lc'.. = (^Lc'..)*.|..)^._. : C"'* ^ C"'*"^ 

Hence CoroUarv 11.81 see also Remark 11.91 applies. □ 



2.2. Compact complex manifolds. Let X be a compact complex manifold of complex dimension n 
endowed with a Hermitian metric g. (Note that all manifolds are assumed to have no boundary.) 
By considering the (C-anti-linear) Hodge-*-operator 

and the inner product 

(•|-> := / •A5,(-), 
Jx 

one gets that the double complex (a'-'X, 9, d) has a structure of bi-differential Z^-graded algebra of 
PD-type of PD-dimension n, such that (• | ••) is compatible with the Z^-grading and with the PD-type 
structure of A*'*X. 

The 2""^ order self-(- 1 ••)-adjoint elliptic differential operators 

Ag [d, d*] e End" (A*X ® C) , 



and 



□g := [d, d*] e End°^° {A'^'X) , Dg := 8, d" G End"'" (A*'*X) 



jO,0 , 



and the 4*'^ order self-(- 1 ••)-adjoint elliptic differential operators, [57J Proposition 5], [771 §2-b, §2.c], 

Af^ := {dd) (dd)* + {dd)* (dd) + (d*dj (^*^)* + (d*d^ +d*d + d*d e End°'" (A'''X) 

and 

~ aa* + 99* + {dd)* {dd) + {dd) {dd)* + (dd*)* (dd*) + (dd*) (dd*)* e End"'" {A'''X) , 

(from now on, the metric g will be understood whenever it is clear from the context,) induce the (• | ••)- 
orthogonal decompositions, [SSI page 450], 

A*X(g)MC = kerAeimA = ker A ® imd® imd* 

and 

A*''X = kerDeimD = ker □ © im 9 © im 9* 

= ker □ © im □ = ker □ © im 9 © im 9 , 

and, |771 Theoreme 2.2, §2.c], 

A'^'X = ker A^*^ © im A^'^ = ker A^'^ © im 99 ( 



= ker A^ © im A^ = ker A^ © (im 9 + im 9) © im (99) * . 
In particular, by arguing as in Lemma 11.51 it follows that 

H',,iX;C) := ^ ^ kerA, H;-'{X) := ^ ^ kerO , H^''iX) := ^ 

imd mi 9 " im9 

and, [771 Corollaire 2.3, §2.c], 



HrdX) ^^^^^^ ^ kerA- , HnX) -^f^ ^ ker A^ . 
im 99 im 9 + im 9 

Note that *g o A^'^' = A"* o ig, and hence the Hodge- ^-operator induces the isomorphism 

ij-'-(x)4i/r''"-w- 

In particular, by Proposition 12.11 one gets straightforwardly the following result, which provides a 
condition under which the Bott-Chern cohomology of a finite-dimensional sub-complex of A*'* X is a 
subgroup of Hy^{X). Such a result will be applied in the next section with the aim to study the 
Bott-Chern cohomology of a certain class of solvmanifolds. 

Proposition 2.2. Let X he a compact complex manifold of complex dimension n endowed with a Her- 
mitian metric g. Let (C"'*, 9, 9) ^ {a''' X, 9, 9) he a finite- dimensional suh-complex of {a''' X, 9, 9) 
having a structure of hi- differential 'I? -graded algehra of PD-type of PD-dimension n induced hy A*'*X . 
Suppose that 

Then, for any {p,q) G N^, the induced inclusions 
(Tof {C'') , 9 + 9) {A'X ®R C, d) , (C*-', 9) ^ (A'^'X, 9) , (C^ 9) ^ {a^-'X, d) , 

and 



and 



induce injective maps in cohomology. 

Proof. The proof follows straightforwardly by [771 Theoreme 2.2, §2.c] and [SSI page 450], and by Propo- 
sition HT] □ 

12 



Remark 2.3. By applying Corollary 11.71 to the (• | ••)-conipletion of A*'*X, the same conclusion of 
Proposition 12.21 holds true for a (possibly non-finite-dimensional) closed sub-complex (C* *, d, d) ^ 
{A'''X, d, d) such that tt'^*'* o 5 = S o 7r<="'* : A*'* X ^ C' and 7r<^*'* od^doir^^'' : A*-* X ^ C'. 

In order to study cohomologies of solvmanifolds, we need also the following result. 

To simplify the notation, we say that a sub-complex (C"'*, d, d) ^ (a*''X, d, d) suffices in com- 
puting the de Rham, respectively conjugate Dolheault, respectively Dolbeault, respectively Bott-Cfiern, 
respectively Aeppli cohomology of X if the induced inclusion 

(Tot'C"'*, (A*X®rC, d) , 

respectively, for any (jf € N, 

(C*'', d) ^ {A'^^, d) , 

respectively, for any p G N, 

{C^'', d) ^ (Af'*, d) , 

respectively, for any {p, q) S , 
respectively, for any (p, q) € , 
is a quasi-isomorphism. 

Proposition 2.4. Let X he a compact complex manifold of complex dimension n endowed with a Her- 
mitian metric g. Let {C*'* , d, d) (a*'*X, d, d) be a finite- dimensional sub-complex of [a''*X, d, d) 
having a structure of bi- differential 7? -graded algebra of PD-type of VH- dimension n induced by A'^'X 
and such that 

Let 9, 9) ^ (C**'*, d, 9) be a sub-complex of (C*'*, d, 9) having a structure of hi- differential 

1? -graded algebra of PD-type of PD-dimension n induced by C*'* and such that 

Ifi^B*'*, d, 9) suffices in computing the cohomologies of X , then also (C*'*, 9, 9) suffices in computing 
the corresponding cohomologies of X . 

Proof By Proposition [Q and Proposition both the inclusions B* * ^ C'* and C ' ^ A'-'X 

induce injective maps in cohomology, whose composition is an isomorphism by the hypothesis. □ 

2.3. Complex nilmanifolds. Let X = r\G be a solvmanifold (respectively, a nilmanifold) , namely, 
a compact quotient of a connected simply-connected solvable (respectively, nilpotent) Lie group G by 
a co-compact discrete subgroup F, endowed with a G-left-invariant (almost-) complex structure J. We 
recall that a solvmanifold is called completely-solvable if, for any g ^ all the eigenvalues of Adg := 
d (V's)e G Aut(0) are real, equivalently, for any X g g, all the eigenvalues of adjf :— [X, •] S End(0) are 
real, where G 3 g ^ (i/'g : h ^ ghg~^) G Aut(G') and e is the identity element of G. 

Recall that, by J. Milnor's Lemma [SSI Lemma 6.2], G is unimodular (that is, det(Adg) = 1 for any 
g E G), and hence, in particular, there exists a G-bi- invariant volume form 77 on X such that J-^r/ — 1. 
Therefore, consider the F. A. Belgun symmetrization map in |151 Theorem 7], namely, 

^i: A'X(g)RC^ A'(fl®KC)* , n{a) / al^ r]{x). 

J X 

Note, |15l Theorem 7], that ^ commutes with d and with J, and hence also with 9 and 9, and that 
A''LA'(e®]!C)'= id^.(g^jjC)* • 

Lemma 2.5. Let T\G be a solvmanifold, and consider the the F. A. Belgun symmetrization map /i: A* 
X (X)R C — >■ A* (g (K)R C)* in [151 Theorem 7]. For a G-left-invariant differential form 9 on V\G and for 
a differential form uj on T\G , we have 

fi{e alj) = e Afi{u}). 
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Proof. Suppose that 6* is a G-left-invariant l-form on r\G. Let w be a p-form on T\G . Then for 
Xi, . . . , Xp^i e Q, since 9{Xj) is constant for every j £ {1, . . . ,p + 1}, we have 



fi{e Auj){Xi,...,Xp+i) = V 6*^ • w (X<^(2), . . . ,X^(p+i)) 

= (0AAiM)(Xi,...,Xp+i) , 

where &p+i is the set of permutations of p+l elements. Hence in this case, the lemma holds. Inductively 
we can easily check that the lemma holds in general case. □ 

Lemma 2.6 (see [111 Proposition 5.4]). Let X ^ T\G be a completely-solvable solvmanifold endowed 
with a G-left-invariant complex structure J. Consider the sub-complex 

j : (A* (fl ®K C)* , d) ^ {A'X ®K C, d) , 

which is a quasi- isomorphism by A. Hattori's theorem j48[ Corollary 4.2]. The induced map 

. ker (d: A^+g (g (E)r C)* AP+'^+i (g 0r C)*) n AP^Oq* 
''' im (d : AP+9-1 (fl ®K C)* ^ AP+1 (fl ®r C)*) 

ker (d: AP+« X C ^ A^+^+^X (g)R C) n A^'^X 
^ im(d: AP+9-i X (g)R C ^ AP+^X (g)M C) 

is surjective, in fact an isomorphism. 

Proof. For the sake of completeness, we recall here the argument of the proof (note that the statement 
holds, more in general, in the almost-complex setting). 

The F. A. Belgun symmetrization map /i: A* X (X)r C — > A* (g (SJr C)* induces the map 

ker (d: AP+'? X ®k C ^ A^+^+^X ®r C) n AP'«X 
^' im (d: Ap+i-^ X ®r C ^ AP+iX (g)R C) 

ker (d: AP+9 (fl ®r C)* ^ ap+^+i (g ®r C)*) n AP'^g* 



im (d: AP+9-1 (fl Or C)* ^ AP+9 (fl)* ®r C 
Hence, one gets the commutative diagram 

kcr(cl: AP+''(B®nC)--^A''+''+Hst8l{C)*)nAP-''(fl®IlC)* 
im(d: Ap+9-1 (B'XhC) * ^ AP+9(gi»RC)* ) 



id 




kcr(d : A''+''X®5C->AP+''+lX(8l«C)nAP'''X 
im(d: AP+''-iX®]tC->AP+''Xi8)KC) 



kcr(d: AP+''(g^BC)*->A''+''+Hg0RC)*)nA''-''(fl^KC)- 
im(d: AP+i-^iglgisCy ^AP+9{s(SgCy) 



from which one gets that 



. ker (d: AP+i (g (Qr C)* ^ AP+'?+i (g Or C)*) n A^-^ (g Or C)* 
■ im (d: AP+9-1 (g Or C)* ^ AP+« (g Or C)*) 

ker (d: AP+« X Or C ^ AP+'^+^X Or C) n AP'«X 
^ im(d: AP+9-i X Or C ^ AP+^X Or C) 

14 



is injective, and that 

^ ker (d: AP+'? X (8)r C ^ A^+^+^X (g)K C) n A^-'X 
im (d: Ap+i-^ X (g)R C -> AP+'JX «)r C) 

ker (d : AP+'? (g (^r C)* ^ A^+^+i (g (^r C)*) n AP''? (g (^r C)* 
^ ini(d: AP+9-1 (flf^RC)* ^ AP+9(0(^rC)*) 

is surjective. 

Moreover, since j : (a* (g ®r C)* , d) ^ {A*X ®r C, d) is a quasi-isomorphism by A. Hattori's theo- 
rem [IHl Theorem 4.2], one gets that /i: H*j^{X; C) i7* (A* (g (E)-r C)* , d) is in fact the identity map, 
and hence 

ker (d: AP+'' X ®r C ^ AP+i+^X ®r C) n AP'^X 
^' im (d: ^P+1-^ X (8)r C ^ AP+^X Or C) 

ker (d: AP+'? (g 0r C)* ^ AP+^+i (g (Or C)*) n AP'"? (g 0r C)* 
^ im (d : AP+s-i (g ®r C)* ^ AP+9 (g Or C)*) 

is also injective. 

Since X is compact, the dimension of H*j^{X; C) is finite, and hence fi is in fact an isomorphism. □ 

As an apphcation of Theorem 11.31 and Proposition 12. 2[ one recovers the foUowing resuhs, concerning 
the Bott-Chern cohomology of nilmanifolds. (We refer to [HI IHIIISI US [ZIIZS] for definitions and 
notation.) 

Corollary 2.7 (01 Theorem 3.8]). Let X = T\G be a nilmanifold endowed with a G -left-invariant 
complex structure J , and denote the Lie algebra naturally associated to G by q. Suppose that one of the 
following conditions holds: 

• X is complex parallelizable; 

• J is an Abelian complex structure; 

• J is a nilpotent complex structure; 

• J is a rational complex structure; 

• g admits a torus-bundle series compatible with J and with the rational structure induced by T; 

• dimRg = 6 and g is not isomorphic to f)7 := (O'^, 12, 13, 23). 

Then the inclusion j: (A*'* (g Or C)* , 9, 9) ^ (A*'*X, d, 9) induces the isomorphisms 

ker (d: A*-* (g Or C)* ^ A'+*+^ (g Or C)*) 



im {dd: A-i.-i (g Or C)* ^ A'^* (g Or C)' 

and 

ker {dd: A''' (g Or C)* ^ A'+^^'+i (g Or C)* 



im(9: A-i- (0OrC)* ^ A'^'(gORC)*) +im(9: A'^-i (fl ®R C)* ^ A*'* (g Or C)*) ' 

Proof. Choose a G-left-invariant Hermitian metric g on X. The sub-complex (a'^' (0OrC)* , d, d) 
being finite-dimensional, the induced maps in Bott-Chern, respectively Aeppli cohomologies are injective 
by Proposition 12.21 

Under the hypothesis, by [71 Theorem 1], [HU Main Theorem], [Ml Theorem 2, Remark 4], [7^ 
Theorem 1.10], and [731 Corollary 3.10], one has that, for any fixed p &N, the induced map 

j: (Af'*(gORC)*,9) ^ (aP''X, 9) 
is a quasi-isomorphism. By conjugation one has also that, for any fixed q G N, the induced map 

J. (a'^^Q^rC)* ,d)^{A''''X,d) 
is a quasi-isomorphism. Lastly, condition (Hi) in Theorem 11.31 is satisfied by Lemma 12.61 Hence, by 



Theorem ll.3l the induced map in Bott-Chern cohomology is surjective. 

As regards Aeppli cohomologies, it suffices to note that the Hodge-*-operator *g induces the isomor- 
phisms H's'iX) 4 H'r''"-'{X) and '^"■•'^^....(.^.c)- ^ kera3U„ ^^^^^ ^ 

dimension oi X. □ 

The previous result can be used to compute the cohomology of the left-invariant complex structures 
classified by M. Ceballos, A. Otal, L. Ugartc, and R. Villacampa in [55], as in [5] and |60j . 
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2.4. Complex solvmanifolds. Let G be a connected simply-connected n-dimensional solvable Lie 
group admitting a discrete co-compact subgroup F, and denote by g the (solvable) Lie algebra of G. 
Set flc := ®ii C. 

Consider the adjoint action 

ad: g ^ fl[(g) , adx := [X, ■] ; 

by denoting by Der(g) {£) G gl(0) : VX G g, [fjadjf] = aAdx} the E- vector space of derivations on 
g, one has that ad(g) C Der(g). One has that every derivation adx, for X G g, admits a unique Jordan 
decomposition, see, e.g., [321 H.l.lO], namely, 

adx = (adx)s + (adx)^ , 

where (adx)s G g[(g) is semi-simple (that is, each (adj(:)g-invariant sub-space of g admits an (adx)^- 
invariant complementary sub-space in g). and (adx)ji G g[(g) is nilpotent (that is, there exists G N 
such that (adx)^ = 0). 

Let n be the nilradical of g, that is, the maximal nilpotent ideal in g. Since g is solvable, there exists an 
M- vector sub-space V (which is not necessarily a Lie algebra) of g so that (i) q ^V(Bnas the direct sum 
of R-vector spaces, and, (ii) for any A,B €V, it holds that (adA)s {B) = 0, see, e.g., [39l Proposition II 
1. 1.1]. Hence, one can define the map 

ads : g ^ Der(g) , g = V (S n 3 (A, X) ^ (ads)^+_^. := (adA)s e Der(g) . 

Moreover, one has that (Hi) [ads(g), ads(g)] = {0}, and (iv) ads : — > 0[(0) is M-hnear, see, e.g., [311 
Proposition HI. 1.1]. 

Since we have [g,g] C n, see, e.g., [321 II.1.9], and ads(n) = {0}, the map adg: g — > g[(g) is a 
representation of g, whose image ads(g) is Abelian and consists of semi-simple elements. Hence, denote 

by 

Ads : G — >■ Aut(g) , respectively Ads : G — >■ Aut (gc) , 

the unique representation which lifts ads : — >■ 0[(0)j see, e.g., [SSJ Theorem 3.27], respectively the natural 
C-linear extension. 

Let T be the Zariski-closure of Ads(G) in Aut(gc). Denote by Char(T) Hom(r; C*) the set of ah 
1-dimensional algebraic group representations of T. Set 

Cr := {^o Ads G Hom(G;C*) : /? G Char(r), (/3 o Ads) Lr= 1} ■ 

We consider the differential graded sub-algebra 

aeCr 

of A* r\G (8)R C. (Note that we have used left-translations on G to identify the elements of A*gJ. with 
the G-left-invariant complex forms in A* r\G (8)r C, namely, the complex forms being invariant for the 
action of the Lie group G on r\G given by left-translations.) By Ads(G) C Aut(gc) we have the Ads(G)- 
action on the differential graded algebra ©^.g^r ' ^'Sc- denote by A* the space consisting of the 
Ads (G)-invariant elements of ^^^q^ ol ■ A'gJ, namely, 

(1) A* := i ^ G a • A'g^ : (Ads),, {^) = ^ for every g G G i . 

Now we consider the inclusion 

Al C A' r\G «)R C 
of differential graded algebras. We have the following result. 

Theorem 2.8 ( |50l Corollary 7.6]). Let T\G he a solvmanifold, and consider A^ as defined in ([l}. 
Then the inclusion 

{Al, d) ^ (A* r\G «)rC, d) 
of differential graded algebras induces an isomorphism in cohomology. 

Note that Ads(G) C Aut(gc) consists of simultaneously diagonalizable elements. Let {Xi, . . . ,X„} 
be a basis of gc with respect to which 

Ads = diag (ai, . . . , a„) : G Aut(gc) 
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for some characters 

ai g Hom(G; C*), . . . , a„ G Hom(G; C*) . 
Let {xi, . . . , Xn} be the dual basis of of {Xi, . . . , X„}. For the basis {xi^ A • • • A ^^ip <^ 
of A'flci fo'^ Q; € Cr, we have 

(Ads)g {ax.,, A • • • A = 0(5) a~\.^^{g) a x,, A ■ ■ ■ A x,^ , 

where we have shortened 0^^...^^ :— ai-, ai^ G Horn (G; C*). Then the basis 

{a A • • • A Xi^ \ 1 < ii < 1-2 < ■ ■ ■ < ip < n and a G Cr} 

of ®Q,gCj, a • A'gJ diagonahzes the Ads(G)-action, and ax^^ A • • • A Xi^ £ A' if and only if a = at,. .4^ 
and aij...ip[r= 1. Hence the differential graded algebra A' is written as 

(2) A'-^ = C (ttii-.-ip A • • • A I 1 < ii < 12 < • • ■ < ip < ri such that ai,...^^ [r= l) . 
In fact, the following result holds. 

Theorem 2.9. Let T\G be a solvmanifold. Let {Xi, . . . he a basis of the C-vector space gc with 

respect to which Ads = diag (ai, . . . , a„) for some characters ai, . . . , a„ S Honi(G; C*). Consider the 
finite set of characters 

Ar '■= {ctii-ip G Hom(G; C*) : 1 < ii < i2 < ■ ■ ■ < ip < n such that ai,...i^[Y= ^} ■ 

Then the sub- complex 



( " • A'flJ, d J ^ {A' r\G ®R C, d) 



induces an isomorphism in cohomology. 

Suppose furthermore that G is endowed with a G -left-invariant complex structure. Consider the bi- 
graded C-vector sub-space 

a • A-^'oJ A-'' r\G ; 

then L induces, for any {p,q) E 1? , the isomorphism 

* '^^^'^L@„g^^a-AP.^gg ^ kerdUp..r\G 
' ■ d {®aeAr " ■ AP+^-iflj) ^ d (Af+9-i r\G ®k C) ' 
Proof. Consider the G*-left-invariant Hermitian metric 

n 

9 ■= ^3 ® 

on r\G, and the associated C-anti-linear Hodge- ^-operator *g : A* r\G C>5rC — )■ A"~* r\G (8)bC, where 
n is the dimension of Y\G . If the restriction of a character a of G on F is trivial, then a induces 
a function on F\G and the image a{G) is a compact subgroup of C*, and hence a is unitary. For 

aii - ip := ai, ai_^ G ^r, since G is unimodular, [SH Lemma 6.2], for the complement {ji, . . . , = 

{1, . . . , n} \ {ii, . . . , ip} we have 

ai,...ij, — Q^ii-.-ip — Q^ji...j„-p- 

By this, we have 

and, for ai,,,,i.^ Xi, A ■ ■ ■ Axi^ G A* , we have 

5s {a^,...^^ x,,A--- A x.p) = aji...j„_p A • • • A a;j„_p G A^"' . 
Hence the sub-complexes 

(A^ d) I a • A'flJ, d J (A* F\G ®K C, d) 

arc such that 

*gU-:^^^^r' and *s L®„,^^ a-A-sj : « ' A'g^ ^ a • A"-0^ , 
therefore the first assertion follows from Theorem 12.81 and Proposition 12.41 
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Consider the F. A. Belgun symmetrization map yU : A* X (g)R C — > A'q^, [151 Theorem 7]. For a S ^r, 
we define the map 

ifa-- A* r\G' ®R C a • A*0c , '^a(w) := " ' (^) ■ 

By the definition of ^, for a C?-left-invariant differential form 6 on T\G and for a differential form lo on 
r\G', we have ^{9 Aui) = 6 A fi{uj), see Lemma [2.51 By this wc have, for any a £ Ar, 

f duj\ f , da LJ 

(pa[a-^) = • M = a • d — H A — 

\ a J \ \a/ a a 

= a ■ d II ( —] + da A ^ ( —] = dfa-jj 



= dipa{uj) , 

and hence ipa is a morphism of cochain complexes. Furthermore, for a € Ar, by considering the inclusion 

t„: a • A'flc ^ A' T\G ®e C , 

we have that 

For distinct characters a, a' G ^r, for the G-lcft-invariant form ^d(^). since ?/ is a G-left-invariant 
volume form, we can choose A G A'^'™'^"^^^ such that ^ d (^) A A = r/. Then we have 



/ a \ a a' / a\ , a 

= -- d - AA = -7,. 
Va / a a Va / a' 



a a \a y a' 
By this, using Stokes' theorem, ior au G a ■ A^g^ and for Xi, . . . , Xp G g (X)r C, we have 

f^(^u;){X,,...,Xp) = [ ^coUX,[.,,...,XpU^{x) ^ ia{X,,...Xp) [ 

= uj{X,,...Xp) [ d(^x) = 
Jr\G ^ 

and hence we have 

(fia' ° l-a = . 

By the definition and since the complex structure on r\G is G-left-invariant, we have that, for any 
a G Ar, for any (p, q) gN'^, 

iPa (AP^' r\G)Ca-AP''^g*c. 
By noting that the set is finite, we define the map 

$ ^ V'a : A-'' r\G ^ ^ a- A'-'g*c ; 

note that $ is a morphism of cochain complexes and we have, for any (p, g) G N^, 



$ (Af'« r\G) C 0a- AP^'^gl and $ o , = id®^^^^ ^.^^.g. , 

aeAr 

where t denotes the inclusion l: ^^eAr ^ ' A'^'flc ^ A*'* r\G. Consider the induced maps 

L* : H* [Tot- a • A'^'flJ, d J ^ F,'^ (r\G ; C) 

\ aeAr J 



and 



$* : Hl^ (r\G ; C) ^ i/- [ Tof a • A'^'flJ, d ] 



Since i* is an isomorphism by the first assertion and $* o t* = id, then $* is the inverse of t*. By 
$ (Af'« r\G) C e„g_4^ a • Af^-Jg* ^ have 

kcrdL^P„r\G \ ^ kerdL®^ 



d (AP+9-1 r\G ®a c) ; d (e„e.Ar " ■ ^^^'^'J 



Hence the restriction of $* to i „_i is the inverse of the restriction of l* to —, r 

d(AP+« ir\G) d(®„^^^ a.AP+<J-iBj) ■ 

which is hence an an isoniorphisni. Therefore the second assertion follows. □ 

Corollary 2.10. Let Y\G he a solvmanifold. Let J be a G -left-invariant complex structure on G 
satisfying, for all g G G, 

Then, by setting Ap'^ := A* H A^''' T\G for any (j),q) € 1? , we have that the differential graded sub- 
algebra (Ap, d) ^ (a* T\G (8)r C, d) defined in ^ is actually -graded, 

— r ' 

p+q=» 

and the inclusion A*'* C A'''^ T\G induces the isomorphism 

kerd[^p.9 ^ kerd[^p,,r\G 



d (^p+^-i) d (AP+9-1 r\G ®R c) ■ 



Proof. Consider the Ads(G')-action on ®Qg_4 ct ■ A*'*0£. Then ^p* is the sub-complex that consists 
of the elements of ^^^^^ a ■ A*'*gJ fixed by this action. Since Adg is diagonalizable, we have the 
decomposition 

a ■ A'gJ ^ Al (BD' 

such that D* is a sub-complex and this decomposition is a direct sum of cochain complexes. By the 
assumption J o (Ads)^ = (Ads)^ o J for any 5 G G, the Ads(G)-action is compatible with the bi-grading 
Qe.Ar ' ^*'*0c- Hence we have in fact 

Consider the projection p: ©^g^^, a ■ A'^'gJ A*'* and the inclusion l: A*'* ^ ®aeAr ' ^*'*0C- 

Then we have p o i = id^v* . As similar to the proof of Theorem 12. 9[ we have that l induces, for any 
(p, q) ^I?, the isomorphism 

kerd[^P.9 ^ ker d[0^^^^ ^-AP-^g* 
' ■ d ^ d (e„g^^ a ■ Af+9-i0£) ■ 

Hence the corollary follows from Theorem l2.9l □ 
2.4.1. Complex solvmanifolds of splitting type. We consider now solvmanifolds of the following type. 

Assumption 2.11. Consider a solvmanifold X = T\G endowed with a G -left-invariant complex struc- 
ture J. Assume that G is the semi-direct product C" iK^ N so that: 

(i) N is a connected simply- connected 2m- dimensional nilpotent Lie group endowed with an N-left- 
invariant complex structure Jn; (denote the Lie algebras of <C^^ and N by a and, respectively, 

n;) 

(ii) for any t G C", it holds that (pit) G GL(iV) is a holomorphic automorphism of N with respect 
to Jn; 

(Hi) (j) induces a semi-simple action on n; 

(iv) G has a lattice T; (then T can be written asT = T^n F^r such that Fc" and are lattices 
of and, respectively, N , and, for any t G F', it holds 4>{t) (Fyv) C F^r/j 

(v) the inclusion A*'* (n(8iRC)* ^ A*'* {Vi^\N) induces the isomorphism 

H' (a*'* (n ®R C)* , d) 4 Hy {Tn\N) . 

Consider the standard basis {Xi, . . . , X„} of C". Consider the decomposition n (8)r C = n^'" ® n*''^ 
induced by Jn- By the condition \(ii)\ this decomposition is a direct sum of C"-modules. By the 
condition (Hi) we have a basis {Fi, . . . , Y„i] of n^'° and characters ai, . . . , a„i G Hom(C"; C*) such that 
the induced action (j) on n^'*^ is represented by 

C^3t^ cl){t) = diag . . . , ara{t)) G GL(ni'") . 
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For any j E {l,...,m}, since Yj is an iV-left-invariant (l,0)-vector field on N, the (l,0)-vector field 
CijYj on C" N is (C" iV)-left-invariant. Consider the Lie algebra g of G and the decomposition 
0C := 0<8irC = g^'^ffig"'^ induced by J. Hence we have a basis {Xi, . . . , Xn, aiYi, . . . , amYm} of 0^'°, 
and let {xi, . . . , x„, aj~^yi, . . . , a^ym} be its dual basis of A^''^0^. Then we have 

A^-'flc = A^ (xi, . . . , x„, aj"^?/i, . . . , a:^ym) <E) A'^ {xi, . . . , x„, a^^yi, a:^ym) ■ 

The following lemma holds. 

Lemma 2.12 ( [511 Lemma 2.2]). Let X = T\G be a solvmanifold endowed with a G -left-invariant 
complex structure J as in A ssumvtion \ Consider a basis {Yi, Y^} of n^''^ such that the in- 

duced action (j) on n^''^ is represented by 4>{t) = diag(ai(t), . . . , am{i)) for ai, . . . G Hom(C";C*) 
characters of C". For any j S {1, . . . , m}, there exist unique unitary characters f5j € Hom(C"; C*) and 
7j G Hom(C";C*) on C" such that aj/3~^ and otjlj^ o-fc holomorphic. 

We recall the following result by the second author. 

Theorem 2.13. ([^11 Corollary 4.2]) Let X = T\G be a solvmanifold endowed with a G-left- 
invariant complex structure J as in Assumvtion \2.lT\ Consider the standard basis {Xi, . . . , X„} 
of C". Consider a basis {Yi, Y^} of n^'° such that the induced action (j) on n^''^ is repre- 
sented by (j){t) ~ diag(Q!i(t), . . . , amit)) for ai,...,am S Hom(C";C*) characters of C". Let 
{xi, . . . , Xn, cti^yi, • ■ • 7 Cfm^Vm} bc the basis of A^'^g^ which is dual to {Xi, . . . , Xn, aiYi, . . . , amYm}. 
For any j S {1, . . . , m}, let and 7^ be the unique unitary characters on C" such that ctjPj^ and otj^J^ 
are holomorphic, as in Lemma \2.12\ Define the differential bi-graded sub-algebra Bp' C A*'* ^\G , for 
{p, q) El? , as 

(3) := C {xi A {a-/Pj) yj Axk A {al^jL) Vl \ \I\ + \J\^P and \K\ + \L\=q 

such that {I3j^l) [r= 1) . 
Then the inclusion Bp* C A*'* T\G induces the cohomology isomorphism 

H'''{B'p',d)^H^''{r\G) . 

As a straightforward consequence, by means of conjugation, we get the following result. 

Corollary 2.14. Let X ~ T\G be a solvmanifold endowed with a G -left-invariant complex structure J 
as in Assumption \2. 11\ Consider B' ' as in and let 

(4) B''* := {OjeA'''T\G : u: e B'''} . 

The inclusion B' ' ^ A*'* T\G induces the cohomology isomorphism 

H''{B'p',d)^H;^'iT\G) . 

Hence we get the following result. 

Corollary 2.15. Let T\G be a solvmanifold endowed with a G -left-invariant complex structure J as in 
Assumvtion \2. ll[ Consider B*'* as in and B''' as in Let 

(5) Cf ^* := B'p' + B'p' . 

Then we have 

(i) the inclusion C*'* ^ A*'* T\G induces the cohomology isomorphism 

H'-'{C'p',d)^H;''ir\G) ; 
(a) the inclusion C*'* ^ A*'* T\G induces the cohomology isomorphism 

i/-(c''',a) 4ff'^-(r\G) ; 

(Hi) for any {p,q) G N'^, the inclusion G*'* > A*'* r\G induces the surjective map 

kerd[cp.<! kerd[/\p,,r\G 
d(TotP+«-iG'^') ^ d (AP+9-1 r\G (8k C) ■ 
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Proof. Let g be the G-left-invariant Hermitian metric on G defined by 

n ra 
3 = 1 k=l 

and consider its associated C-anti-linear Hodge-*-opcrator 5g : A* T\G A^^~* T\G , where 2N := 
2n+2m = diniR T\G . Then for multi-indices /, J C {1, . . . , n}, A', i C {1, . . . , to} and their complements 
/', J' C {!,..., n}, K',L' C {!,..., to}, we have 

*g {xi A (aj^^j) yj AxK /\ {q-I^Il) Vl) = -t/' A {a~j}p,j) yj' A x/^' A {a~^}^L) Vu- 
Since G is unimodular by the existence of a lattice, |66l Lemma 6.2], we have ajaj'OiLOiL' = 1 and so 
we have (3j'Jl' = I^j^Il^ = PjIl^ ■ This implies 

xp A {a~j}(3j) yj' A xk' A (a£,^7L) = xi' A (aj/^j/) yj/ A xr' A (a£/7L') j/i' G S*' *. 
Then wc have *g (B* *) C S^^*'^^' and so also 



Hence (^ij respectively (ii) follows from Thcorem l2.131 respectively Corollarv l2.141 and Proposition l2.4l 
We consider the sub-complex C A* r\G (E)r C defined in ([1]). Consider the standard basis 
{Xi, . . . , Xn} of C". Consider a basis {Yi, . . . , F,„} of n^'° such that the induced action </> on n^'° is rep- 
resented by (j){t) = diag {ai{t), . . . , am{t)) for ai, . . . , a™ G Hom(C"; C*) characters of C". Then, with 
respect to the basis {Xi, X„, Xi, X„, aiYi, a^^m, ctiYi, OLmYm] of sc = fl^'°©0°'\ 
we have, for (i, n) G G = C" TV, 



(Ads 



(*.") ^ I 



id 



(C")i-"e(C") ">i 







diag ( 1, , 1 , ai(t), . . . , am(07 • ■ • ; 

2n times 

Hence we have Jo (Ads)^^ = (Ads)^^ o J, and we can easily see that A^'' C C*'* C A*'* r\G. Since 
the composition 

kerd[^p,9 kerd[cp.9 kerd[/xp,5r\G 



d(Ar''-') d(TotJ'+'-iC-'-) 



d(Af-9-i r\G (^R C) 



is an isomorphism, then (iii) of the corollary follows. □ 



Finally we get the following theorem. 

Theorem 2.16. Let T\G be a solvmanifold endowed with a G -left-invariant complex structure J as in 
Assumvtion \2. lT\ Consider G*'* as in ([S]). For any {p,q) G Z^, the inclusion G*'* C A*'* r\G induces 
the isomorphism 

H (^Gr'"'"' ^ cf'' cp-^^'i e Gf^9+'^ 4 (r\G) . 

Proof. By Corollarv l2.15[ the surjectivity follows from Theorem ll.3l The injectivity follows from Propo- 
sition O □ 

Example 2.17 (The completely-solvable Nakamura manifold, [51] Example 1]). The completely-solvable 
Nakamura manifold, firstly studied by I. Nakamura in [5S1 page 90], is an example of a cohomologically 
Kahler non-Kahler solvmanifold, [33], [HJ Example 3.1], [331 §3]- 
Let G := C C^, where 

Hx + V-ly) := {'1 ^I')gGL(C^) . 



X e-^ ^ 
/ \ 

Then for some a G K the matrix ( ^ 1 is conjugate to an element of SL(2; Z). We have a lattice 

F :— (^aZ + b \/— 1 Z) k^F" such that F" is a lattice of C^. Consider the completely-solvable solvmanifold 
F\G. 

(As a matter of notation, we consider holomorphic coordinates {zi, Z2, z^}, where {zi := a; + y} 
is the holomorphic coordinate on C, and wc shorten, for example, e"^^ dzi2i := e"^^ dzi A dz2 A dzi.) 
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By A. Hattori's theorem, [351 Corohary 4.2], the de Rham cohomology of T\G does not depend on F 
and can be computed using just G-left-invariant forms on T\G ; more precisely, one gets 







R(l) , 




= 


R(dzi, dzi) , 






R(dz23, dzii, dz23, dz32, dzag) , 


Hjj,{T\G;R) 




R(dzi23, dz231, dzi23, dzi32, dzi23, dz2i3, dz3i2, dzi23) 


Hjj,ir\G;R) 




I^(d^i23li d2i213; dz2323i dZ]^3];2, d Z1123) , 


Hl,,{r\G;M.) 




II^(d 2:12323 ; d 2:23123) , 


Hli,{r\G;R) 




]R(dzi23123> , 



where we have listed the harmonic representatives with respect to the G-lcft-invariant Hermitian metric 
g :— d zi Q dzi + e~^i~^i d Z2 d Z2 + e^^"*"^^ d 23 d 23 instead of their cohomology classes. 

We consider C*'* as in ([5]). The bi-differential bi-graded algebra B''* varies for a choice of b. By using 
Theorem 12. 161 we compute Hq^{T\G) ~ H^q{C'''), case by case: 
(i) b = 2mn for some integer m G Z; 
(ii) b = (2m + l)7r for some integer m G Z; 
(in) b ^ miT for any integer to e Z. 

Firstly, we write down C*'* case by case in Table [1] Table [H and Table [31 



case 



(^) II cr 



0,0 



C(l) 



1,0 
0, 1 



C(dzi, e-^idz2, e^idz3, e-*idz2, e^idz3) 
C(dzi, c-"^idz2, e'^idzg, e-^Mzj, e^idzg) 



2,0 
1,1 

0,2 



C(e '=idzi2, e''idzi3, dz23, e '=idzi2, e'^idzis) 

C(dzij, c-^idzi2, c^idzig, e-^idz2i, c'^''^ dz22, dz23, e^idz3i, dz32, e2^idz33, 



[zi2, e*idzi3, e^idzgi, e '^'-^dz2 



32-^1 dz33) 



C(e ^Mzi2, e^idzig, dz23, e ^^dzia, e^idzig) 



3,0 
2,1 

1,2 

0,3 



C(dzi23) 

C(e-^idzi2i, e-2^idzi22, dzi23, e^idzi3i, dzi32, e2^idzi33, dz23l, e"''idz232, e'''dz233. 



e*'dzi3i, e 2*idzi22, e ^idz232, e^^id; 



133, 



'233 



:(e *idzii2, c 2*Mz2i2, dz3i2, e^idziig, dz2i3, e2^idz3j3, dz^gs, e ^idz223, e^idz323. 



=> "^^dzija, e^Mziig, e 2^idz2i2, e" 



12223, e^^' dz3j3, e^i dz323) 



C(dZi23) 



3,1 
2,2 

1,3 



'C(dZi231, e ^^dZi232, 6^Mzi233, e ^^dZi232, 6^Mzi233) 

C(e-2^idzi2i2, dzi2i3, c-^idzi223, dzi3i2, e2^idzi3i3, e^idzi323, e-^idz23i2, e^idz23i3, 



22323, 6 



^2.-1 d 



C(dzii23, e" 



2l212, 6 
d 22123, 



-21 



-21 , 



2l223, 6 Q2i323, B 

e"' d 23123, e-^i dz 



22312, 6 
21 A r„:r== 0-21 , 



2.-1 d 



2l313, ^ 



'2313 



> 



'2123, 



'3123/ 



3,2 
2,3 



C(e "=^212312, e'^id 212313, d 212323, 6 ''Idzi23i2, e'^idzi23i3) 

C (e ^^dzi2i23, e^idzi3i23, dz23i23, e ■'^dZi2i23, e^^dzi3i23) 



3,3 



C(d Z123123) 



Table 1. The bi-diffcrcntial bi-graded algebra C*'* for the completely-solvable Naka- 
mura manifold in case (i) 
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case (ii) C' * 



0,0 



C(dzi) 
C(dzi) 

C(dz23) 

C(dzn, e-2^idz22, e-^^idzas, e^'-^dz^^, e^^idzgg, dzgs, dzga) 

C(dz23> 



C(dzi23) 

C(dz23i, e-2^idzi22, e-2«idzi22, e^^idzigg, e^^Mzigg, dzi23, dzigz) 

C(dzi23, e-2^idz2i2, e-2«idz2i2, e^^idzgig, e^^Mzgig, dz2i3, dzgij) 
C (d Z123) 



C (dzi231> 

C(dzi2i3, e-2^idzi2i2, e" 

C (dZij23> 



■2^1 



dzi2i2, e^^idziaia, e^^idziaig, dz2323, dzi^u) 



C (dZi2323) 

C (d Z23123) 



3,3 



C(dz 



123123/ 



Table 2. The bi-differential bi-graded algebra C*'* for the completely-solvable Naka- 



mura manifold in case (ii) 



Note that, since dd (C**'*) = {0} for each case, we have, by using Theorem 12. 161 

H'^c{T\G) i/-'- (^r') = kerdLc;- • 

Hence, we compute the Bott-Chern cohomology of the Nakamura manifold case by case in Table |3] and 
Table [SJ note that, in the case (Hi) simply we have: 

(6) ~ Cp* in case (Hi) 



We summarize in Table |6] the results of the computations of the Bott-Chern cohomology as done in 
Tableland Tableland and of the Dolbeault cohomology, as done in [511 Example 1]. 



i?*^(r\G) is surjective. 



Remark 2.18. Note that in any case the canonical map Tot* Hg^ {T\G) 

(With the notation of j61l [7], this means that, in any case, T\G is complex-C°" -pure- and- full at every 
stage, namely, the de Rham cohomology admits a decomposition in pure-type subgroups with respect to 
the complex structure.) In the case (Hi) by Proposition 11.11 we have H*j^ {r\G) 



H* 



Tof C*'*) = 



Tot* C*'* and hence the canonical map Tot* Hg^ {T\G) H*j^ {r\G) induced by the identity is in 
fact an isomorphism: this implies that r\G in case (Hi) satisfies the 99-Lemma (namely, every i9-closed 
i9-closed d-exact form is i99-exact too, see [31]). In [ST], it is shown that for some left- invariant Hermitian 
metric the space of harmonic forms admits the Hodge decomposition and symmetry (see also [52j for 
higher dimensional examples with the Hodge decomposition and symmetry). 

Remark 2.19. In view of [SI Theorem A, Theorem B], stating that, for every compact complex manifold 
X, for any fc G Z, the inequality 

J2 (dime i/gS(X) + dime i?r(X)) > (dime ffg''(X) + dime fff'(X)) > 2 dime i?d'fl,(X; C) 



p+q=k 
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(Hi) C*'* 
II C(l) 
C(dzi) 
C(dzi) 



C(dz23> 

C(dzij, dz23, dz32) 

C(dz23> 



C(dzi23) 

C(dz23i, dzi23, dzi32) 
C (dZi23, dz2i3, dz3i2) 
C(dzi23) 



C(d^l23l) 

'C(dZi213i dz2323, d 2:1312) 

C (d 2:1123) 



C(d Z12323) 
C (d 223123) 



C (d2i23 



123/ 



Table 3. The bi-differential bi-graded algebra C''* for the completely-solvable Naka- 



mura manifold in case (in) 



holds, and that equalities hold for any fc € Z if and only if X satisfies the 99-Lemma, one gets that 
the non-negative integer numbers J2ij+q=k i'^^^c Hq^{X) + dime H^'^ {X)) — 2 dime H^j^{X ; C) S N, 
varying fc e Z, provide a "measure" of the non-Kahlerianity of X. 

Note that, for the completely-solvable Nakamura manifold, in any case, one has 

dime + dime H^x'^iX) = dime H^'^X) + dime HP-\X) 



for any {p, q) £ 7?. On the other hand. 



J2 (dime H^j^ciX) + dime iJ^'«(X))-2 dime H^niX; C) 

p+q=k 



and 



J2 (dime -ffSc(^) + dime H^aHX)) - 2 dime H^miX; ( 

p+q=k 



and 



J2 (dime HP^'ciX) + dime i/^'''(X))~2 dime Hlj^iX; C) 

p+q=k 



= < 



20 
24 



4 



for k e {1, 5} 
for k e {2, 4} 
for fc = 3 
otherwise 

for k e {1, 5} 
for k G {2, 4} 
for fc = 3 
otherwise 

for k e {1, 5} 
for k e {2, 4} 
for fc = 3 
otherwise 



m case 



m case 



(n) 



m case 



(Hi) 



In particular, by [51 Theorem B], one gets that r\G in case ('ziij satisfies the 99-Lcmma, as noticed also 
in Remark 051 
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case (i) 










(0,0) 


C(l) 








(1,0) 


C([dzi]) 








(0.1) 


C([dzi]) 








(2,0) 


C([c-^idzi2], [c-Mzia], [dz23]) 








(1,1) 


C([dzn], [e--idzi2], [e^^dzig], [dzss], 


[d ^32], 


[e-«idz2i], [e^^dzgi]) 




(0,2) 


C([dz23], [e-^"^dzi2], [e^^^dzig]) 








(3,0) 


C([dzi23]) 








(2,1) 


C([e-^idzi2i], [e-'"^dzi22], [d;^^], [e 
[c-""^dzi2i], [e""^dzi3i]) 


'^dzi3i] 


, [dzi32], [e^^i dzi33], 


[d 2231], 


(1,2) 


C([e-^"idzn2], [e-2^idz2i2], [d^3i2], [e 
[e-^idzns], [c^^dziig]) 


'Mziig] 


, [dz2i3], [e^^^Mzaia], 


[d Z123], 


(0,3) 


C([dzi23]) 








(3,1) 


C([dzi23i], [e-^^dzi232], [e^^dzi233]) 








(2,2) 


C([e~2^i dzi2i2], [d 21213], [c"""' dzi223]. 


[d ^1312 


], [e^^^dziaig], [c^idz 


1323], [d 22323], 




[e-2-"i d Z1212] , [e-^"i d Z2312] , [e2-"i d zigig 


], [e^^^d 


2^2313]) 




(1,3) 


C([dZii23], [c-^"ldz2l23], [e^"^dZ3l23]) 








(3,2) 


C([e-^i dZi2312], [e'''dZi23i3], [dZi2323], 


[e-^1 d 


^12312], [s^^ d Z12313]) 




(2,3) 


C([c-"'i dzi2l23], [c''' dzi3i23], [d Z23123] , 


[c-«i d 


212123], [C^' dzi3i23]) 




(3,3) 


C([dZi23l23]) 



Table 4. The Bott-Chcrn cohomology of the completely-solvable Nakamura manifold 
in case (i) 



Given a property depending on the complex structure, one says that it is open under small defor- 
mations (respectively, open under small deformations) if, for any complex- analytic families of compact 
complex manifolds parametrized by S, the set of parameter for which the property holds is open (re- 
spectively, closed) in the strong topology of B. 

We recall that satisfying i99-Lemma is an open property under small deformations, see j831 Proposition 
9.21], [HI Theorem 5T2], [751 §B], [HI Corohary 2.7]. On the other hand, as pointed out by L. Ugarte, the 
completely-solvable Nakamura manifold provide a counterexample to the closedness of the property of 



satisfying the 99-Lemma: indeed, complex structures in class (Hi) satisfy the 99-Lemma while complex 



structures in classes (i) and (ii) do not. We have hence the following theorem. 



Theorem 2.20. Satisfying the dd-Lemma is not a closed property under small deformations of the 
complex structure. 

2.4.2. Complex parallelizahle solvmanifolds. Let G be a connected simply-connected complex solvable 
Lie group admitting a lattice F, and denote by 2n the real dimension of G. Denote the Lie algebra 
naturally associated to G by g. We use the following lemma. 

Lemma 2.21. Let a, /3 be holomorphic characters of a connected simply- connected complex solvable Lie 
group G. //a/3 is a unitary character, then a ~ [3^^ ■ 

Proof. Since we have a([G,G]) = [a(G),a(G)] = 1 and /3([G,G]) = [/3(G), ^(G)] = 1, we can re- 
gard a and (3 as characters of G/[G, G]. Since G is connected simply-connected, G/[G, G] is also 
connected simply-connected, see [351 Theorem 3.5]. Since G/[G, G] is Abelian, it is sufficient to show 

the lemma in the case G = C". For the coordinate set (zi, . . . , z„) of C", we write a = exp ^X)J=i o-jZj^ 
and P = exp ^^"^j^ 5jZj j , for some oi, . . . , a„, 5i, . . . , 6„ G C. If a/3 is unitary, then we have 
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case (a) 


^•■•(r\G) 




(0,0) 


C(l) 




(1,0) 


C([dzi]) 




(0,1) 


C([dzi]) 




(2,0) 


C([dz23]) 




(1, 1) 


C([dzii], [dz23], [dzga]) 




(0,2) 


C([dZ23]) 




(3,0) 


C([dzi23]) 




(2, 1) 


C([dz23i], [e-''^dzi22], [e'^^dziag], [d2i23], 


[d Z132]) 


(1,2) 


C([dzi23], [c-2^"^dz2i2], [e'^^dzgig], [dz2i3]. 


[d 2:312]) 


(0,3) 


C([d2i23]) 




(3, 1) 


C([dZi23l]) 




(2,2) 


C([dzi2i3], [e-^^^dzi2i2], r''^dzi2i2], [e^^" 


d 21313], [e^""' dziaia], [dz2323], [d2i3l2]) 


(1,3) 


C([dzn23]) 




(3,2) 


C([dZi2323]> 




(2,3) 


C([dZ23123]) 




(3,3) 


C ([d2i23l23]> 



Table 5. The Bott-Chern cohomology of the completely-solvable Nakamura manifold 
m case (ii) 



^ (Sj=i {^j^j ~^ ^j^j)^ ~ 0- By simple computations, we have aj = —bj for any j S {1,...,7t,}. 
Hence the lemma follows. □ 

Denote by 0+ (respectively, g_) the Lie algebra of the G-left- invariant holomorphic (respectively, anti- 
holomorphic) vector fields on G. As a (real) Lie algebra, we have an isomorphism ~ g_ by means of 
the complex conjugation. 

Let N be the nilradical of G. We can take a connected simply-connected complex nilpotent subgroup 
G C G such that G = G ■ N, see, e.g., [351 Proposition 3.3]. Since G is nilpotent, the map 

Gb (Adc)s e Aut(0+) 

is a homomorphism, where (Adc)s is the semi-simple part of the Jordan decomposition of Adc. Let c 
be the Lie algebra of C; we take a subspace V C c such that g ~ V S) n. Then the diagonalizable 
representation Ads constructed above, ^2.41 is identified with the map 

G^G-N3c-n^ (Adc)s G Aut(0), 

see [531 Remark 4]. 

We have a basis {Xi, . . . , X„} of 0+ such that, for c G C, 

(Adc)s = diag(Q;i(c), . . . ,a„(c)) , 

for some characters ai, . . . , a„ of C. By G = C • iV, we have G/N ~ G/G D N and regard ai, . . . , a„ as 
characters of G. Let {xi, . . . , x„} be the basis of which is dual to {Xi, . . . , X„}. 

Theorem 2.22. ([SH Corollary 6.2 and its proof]) Let G be a connected simply- connected complex 
solvable Lie group admitting a lattice T. Denote the Lie algebra naturally associated to G by g. Consider 
a basis {Xi, . . . ,X„} of the Lie algebra g+ of the G -left-invariant holomorphic vector fields on G with 
respect to which (Adc)s ~ diag (q!i(c), . . . , a„(c)) for some characters ai, . . . ,an of G . Regard ai, . . . , a„ 
as characters of G. Let B' be the sub-complex of (a*^'* r\G , 9) defined as 



(7) := {^xj 



LC{l,...,n} s.t. ( — ) Lr=l 



ai 



26 







case (i) 


case 


(a) 


case 


(Hi) 




aJri 


d 


BC 


o 


-DO 


o 




(0, 0) 


1 


1 


1 


1 


1 


1 


1 


fl 0) 


2 


3 


1 


1 


1 


1 


1 


(0 1) 




3 


1 


1 


1 


1 


1 


(2 0) 




3 


3 


1 


1 


1 


1 


(1 1) 


5 


9 


7 


5 


3 


3 


3 


fO 2) 




3 


3 


1 


1 


1 


1 


(3, 0) 




1 


1 


1 


1 


1 


1 


(2 1) 

-"-7 


a 

o 


9 


9 


5 


5 


3 


3 


fl 2) 




9 


9 


5 


5 


3 


3 


(0, 3) 




1 


1 


1 


1 


1 


1 


f3 1) 




3 


3 


1 


1 


1 


1 


(2, 2) 


5 


9 


11 


5 


7 


3 


3 


(1,3) 




3 


3 


1 


1 


1 


1 


(3,2) 


2 


3 


5 


1 


1 


1 


1 


(2,3) 




3 


5 


1 


1 


1 


1 


(3,3) 


1 


1 


1 


1 


1 


1 


1 



Table 6. The dimensions of the de Rham, Dolbeauh, and Bott-Chern cohomologies of 
the completely-solvable Nakamura manifold. 



(where we shorten, e.g., ai := at-^ ai^, for a multi-index I = {ii, . . . ,ik)). Then the inclusion 

B' ^ a'''* r\G induces the isomorphism 

H- (i?-,9)4iJ°'-(r\G). 

By this theorem, since r\G is complex parallelizable, for the differential bi-graded algebra 
{^*0*+ B*, B), the inclusion A'^g*^ B''^ ^ A'^''^ T\G induces the isomorphism 

A'^Bl ®ci?'^(i??)4i7'-^(r\G). 

Consider the G-lcft-invariant Hermitian metric 

n 

9 ■= ^^3®^J ■ 

Then, for xi A ^ xk € Al'^'g^j. (g)c B^^\ since G is unimodular, [SSI Lemma 6.2], we have 



UK 



an 



ax 



*g [xj A — ^ Xk I = X// A xk' = xji A — ^ xk- & A" ^^^q"^ ®c B^ 



n-\K\ 



where /' := {1, . . . , 71} \ / and A'' := {1, . . . , n} \ are the complements of / and K respectively. Hence 
we have *g{A'QX (g>c B^) C A^-'g; ®c sp~V 
We consider the space 



B' 



■XI 



I Q {1, ■ • ■ , such that 



Then the inclusion B*^ ®c A'^gl C A*^^*^ T\G induces the isomorphism in 9-cohomoIogy 

H'^ {Bl ®c A'^fll, d) 4 Hl'^'- (r\G) . 

Consider 

(8) C''^ := A''qX®cBI' +BI' ®cA''Q*_ . 

Then we have 5g {C'^^'^) C C"-»i,"-»2. 
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As similar to Corollary I2.15[ we can show the following result. 

Corollary 2.23. Let G be a connected simply- connected complex solvable Lie group admitting a lattice 
r. Denote the Lie algebra naturally associated to G by q. Consider the sub-complex C''' C A*'* T\G as 

defined in 

(i) The inclusion C''' ^ A*'* T\G induces the d-cohomology isomorphism 

^•■•(c*'-,5)4ij;'-(r\G). 

(a) The inclusion C''' ^ A*'* T\G induces the d-cohomology isomorphism 

H'''{C'^'\d)^H^''{T\G). 

(Hi) The inclusion C*'* '-)■ A*'* T\G induces, for any {p,q) G iP' , the surjection 

kerd[cp.'! ker(i[^p,9r\G 
d (TotP+«-i Cl^') ^ d(AP+9-i r\G (8k C) ■ 

Proof. By ig{C'^-*'^) C (j^-'i^n-m^ ^ ^y^q f^j^i second assertions follow as similar to the proof of 
Corollary Eini 

By denoting the complex structure by J, for any c G C, since we have Adc o J = J o Adc, we have 
(Adc)s o J = J o (Adc)s, and hence we have (Ada)^ o J = J o (Ads)^ for any g ^ G. We consider 
the sub-complex A' C A' T\G C as in ([T]), see Theorem 12.81 By Corollary 12.101 the inclusion 
Ap' ^ A^''' r\G induces the isomorphism 

kerd[^p,<j ^ kerd[AP.<! r\G 



d(AP+9-i r\G ®kC) 



We have 

Ay ~ {oLi a,j xj A xj | /, J C {1, . . . , n} such that (a/ aj) [r= 1) . 

For (ai aj) [r= 1, since we can regard aj aj as a function on r\G, the image of aj aj is compact 
and hence it is unitary. By Lemma 12.211 we have ai ctj = ^ . Hence we have the inclusion A* C 
Tot* A'g^j. (25 B' and so we have the inclusion A*'* C G*'* C A*'* r\G. Since the composition 

kerd[^p,9 ^ kerd[cp>'! ^ kerd[/^p,<,r\G 



d d (TotP+«-i C'^') d (AP-9-1 r\G) 

is an isomorphism, then the third assertion of the corollary follows. □ 

By this, we get the following result. 

Theorem 2.24. Let G be a connected simply- connected complex solvable Lie group admitting a lattice T. 
Consider the sub-complex G*'* C A*'* T\G as defined in ([8|). The inclusion C''' A*'* T\G induces 
the isomorphism 

H (cf^^'-^ ^ G'-' A g;+1'* e c^^'+') 4 F;'*,(r\G) . 



Example 2.25 (The complex parallelizable Nakamura manifold). Let G = C be such that 

- ( i 

Then there exist a + a/— 1 b G C and c + V— 1 d G C such that Z(a + y'— 1 b) + Z(c + d) is a 
lattice in C and 4>{a + \/—lb) and 0(c + d) are conjugate to elements of SL(4; Z), where we regard 
SL(2;C) C SL(4;M), see g7]. Hence we have a lattice T := (Z(a + v^&) +Z(c+ V^^)) ix^T" of 
G such that F" is a lattice of C^. Let X := F\G be the complex parallelizable Nakamura manifold, |68l 
§2]. 

We take the connected simply-connected complex nilpotent subgroup G := C C G such that G = C-N, 
where is the nilradical of G. Recall that 0+ denotes the Lie algebra of the G-left-invariant holomorphic 

vector fields on G. For a coordinate set (zi, Z2, 2:3) of C x^C^, we have the basis | e^^ e~^^ ^i'} 

of 0+ such that 

(Ad(,,,,,,,3))^ = diag(l, e^S e-"i) G Aut(B+) . 
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(a) If 6 e ttZ and d EttZ, then, for z e (a + ^^b) Z+ (c+ \/^d) Z, we have (j>{z) e SL(2;R). Since 

{^)[r = {e''-'')[r = 1, we have 

= A*C(dzi, c^idz2, e^Mzg) . 

Hence the double complex C*'* in case ^ is the one in Table [71 (We recall that, in order to 
shorten the notation, we write, for example, e^^ dzi^ := e^^ dzi A dz3.) 



case (Cajj 




(0,0) 


C(l) 


(1,0) 


C(dzi, e-^idz2, e^idza, e-*idz2, e^^dzg) 






(0, 1) 


C(dzi, e-'^Mzg, e^Mzg, e'^Mza, e^Mzg) 






(2,0) 


C(e-'^idzi2, e'^idzia, dz23, e"*idzi2, e^Mzia) 






(1, 1) 


C(dzii, e ^idzi2, e^idzi3, e '=idz2i, e 2^idz22, dz23, e^^dzgi, dz32, e^^^dzag. 






e *idz2i, e ^idzi2, e^'dzig, e^^dzai, e 2*idz22, c^^'dzag) 






(0,2) 


C(e-^idzi2, e^idzig, dzag, e-*idzi2, e^idzig) 






(3,0) 


C(dzi23) 






(2, 1) 


C(e-^idzi2i, 6^221^2:122, dzi23, e^Mzi3i, dzig^, e^^^dziag, dz23i, 
c"^'dzi2i, e*idzi3i, e-22idzi22, c"^idz232, e^^idzigg, e*idz233) 


e ^1 dz232, e'^i 


d ^233, 


(1,2) 


C(e-^idzii2, e^2^idz2i2, dzgis, e^Mzng, dz2i3, e22idz3i3, dzi23, 
e"^'dzn2, e^idziig, e-2^idz2i2, e-^idz223, e2^idz3i3, e"'idz323) 


e-*i dz223, 


d ^323, 


(0,3) 


C (d Z123) 






(3, 1) 


C(dzi23i, e-"^idzi232, e"'idzi233, e""'idzi232, e"'idzi233) 






(2,2) 


C(e-2^i dzi2i2, dzi2i3, e-^idzi223, dziaij, e2^idzi3i3, e^idzi323, e 


^1 dz23i2, e^i dz23i3. 




dz2323, e-2«idzi2i2, c-*idz23i2, e-*idzi223, e*idzi323, e2«idzi3i3, 


e^' dz23i3) 




(1,3) 


C(dZij23, G-^idZ2i23, e*idz3i23, C-^idZ2i23, e^^ d Z3123) 






(3,2) 


C (e-^1 dZi2312, e"''dZi2313, dZi2323, C"^idZi2312, e"'idZi2313) 






(2,3) 


C (e ^^dZ]^2123, 6^^dZi3l23, dz23i23, C ^^dZ]^2123, '2^'' ^UUs) 






(3,3) 


C (dzi23123) 



Table 7. The bi-differential bi-graded algebra C*'* for the complex parallelizable Naka- 
mura manifold in case /feO. 



We compute the Bott-Chern cohomology for the complex parallelizable Nakamura manifold in 
case in Table [51 

The differential algebra A* for the complex parallelizable Nakamura manifold in case ^ is sum- 
marized in Table [HI 



^(z) := 



Remark 2.26. Suppose & S 27rZ and d e 27rZ. Considering another Lie group H := C x ,/, C such 
that 

j,i(2l+Zl) Q 

0-^(2=1+21) 

the correspondence G G (zi, Z2, Z3) t-^ (zi, Z2, Z3) € H gives an embedding T ^ _ff as a lattice 
and hence we can identify r\G with r\_ff, see [571 Section 3]. Since H is equal to the solvable 
completely-solvable Lie group in Example 12. 171 this case is identified with Case (i) in Example 12. 171 
Note that A' is not G-left-invariant in this case (for example the 2-form dz23 is not G- left-invariant) 
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case fe|) 




(0,0) 


C(l) 


(1,0) 


C([dzi]) 


(0,1) 


C([dzi]) 


(2,0) 


C([e-^idzi2], [c^^dzis], [dz23]) 


(1,1) 


C([dzii], [e"^^dzi2], [c^'^dzig], [dz^s], [dzg^], [e-^'dzri], [e^'dz^i]) 


(0,2) 


C([dz23], [e-''dzi2l [e^'dzri]) 


(3,0) 


C([dzi23]) 


(2,1) 


C([e-^Mzi2i], [e-'"^dzi22], [d^m], [e^^dzigi], [dz^ga], [e^^^dzigg], 




[dz23i], [e""'! dzi2i], [c^idzi3i]) 


(1,2) 


C([e-"idzn2], [e-2^"idz2i2], [dz^u], [e^^^ns], [dz2i3], [e^^^dzgig], 




[dzi23], [e-"idzii2], [e^^dzng]) 


(0,3) 


C([dzi23]> 


(3,1) 


C([dZi23l], [e~'^Mzi232], [e^'dZi233]> 


(2,2) 


C ([c-22i dzi2i2], [dzi2i3], [e~''i dzi223], [dzi3i2], [e^^i dzigig], [e"'^ d Z1323] , 




[d22323], [e~^^' dzi2i2], [e"^Mz23i2], [e^^i dzi3i3], [e^^dz23i3]) 


(1,3) 


C([dZii23], [e-*i dz2i23], [C^'dz3i23]) 


(3,2) 


C([c-^idZi23l2], [e^' dZi2313], [dZi2323], [e'"^' d Z12312] , [e^'dZi2313]) 


(2,3) 


C dzi2l23], [C^' dzi3i23], [dZ23i23], [c"""^ d Z12I23] , [C*' dzi3i23]) 


(3,3) 


C ([dZi23l23]> 



Table 8. The Bott-Chern cohomology of the complex parahelizable Nakamura manifold 
m case 



case 







C(l) 


1 


C (d zi, d zj) 


2 


C(dZii, dz23, dZ23, dZ32, dZ23) 


3 


C(dzi23, dZi23, dZi32, dz3i2, dz2i3, dZi23, dZi23, dZi23) 


4 


C(dZi23i, dzi3j2, dz2323, dzi2l3, d Z1J23) 


5 


*C(dZ23i23, dZi2323) 


6 


C(dZi23123) 



Table 9. The cochain complex in ([T} for the complex parallelizable Nakamura 
manifold in case 



and hence H' (A*g*, d) 9^ H'j^{T\G ;R), see also [Ml Corollary 4.2]. On the other hand, we have 
H' (A'fi*, d) ~ H^j^{T\H ;R), where t) is the Lie algebra of H. In [Ml Main Theorem], it is proven 
that, for any solvmanifold r\C? , there exist a connected simply-connected solvable Lie group G and 
a finite index subgroup f C F such that H' (A'g*, d) ~ H*j^ ("'^\^ ' ^) ' ^^^"^^ ^'^^ algebra 

of G. 

(b) If 5 ^ TT Z or d ^ TT Z, then the sub-complex B' defined in ([7]) is 

= C(dzi) , 



B^ = C(dz2Adz3) , 
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= C (d 21 A d 22 A d 23) 
Then the double complex C*'* is given in Table [TUl 



case (b) 




(0,0) 


C(l) 


(1,0) 
(0,1) 


C(d2i, e-^i d22, e"^i dzs) 
C(d2i, e-^id22, e«id23) 


(2,0) 

(1,1) 
(0,2) 


C(e-^id2i2, e^id2i3, d223) 

C(d2ii, e-'^id22i, e'^id23i, e-*id2i2, 6^^215) 

C(e-=M2i2, e^"id2i3, d223) 


(3,0) 
(2,1) 
(1,2) 
(0,3) 


C(d2i23> 

C(e"^id2i2i, c^M2i3i, d223i, e-'=id2232, e^id2233) 
C(e-*id2ii2, e^'d2ii3, d2i23, e-^id2223, e^id2323) 

C(d2l23) 


(3, 1) 
(2,2) 
(1,3) 


C(d2i231, e-^id2i232, e^'d2i233> 

C (e-^1 d 21223, C^'d 21323, d 22323, e'^^d 22312, C^id 22313) 

C(d 21123 e-^M 22123, e^'d 23123) 


(3,2) 
(2,3) 


C (e-^^i d 212312, e^id 212313, d 212353) 
C (e^^^i d 212123, e'^'d 213123, d 223123) 


(3,3) 


C (d 2123123) 



Table 10. The double complex C*'* in ([8]) for the complex parallelizable Nakamura 
manifold in case ([6]). 



We compute Hg^{r\G) in case ([6p, summarizing the results in Table [TTl 
The cochain complex A* in ((1} in case ^ is given in Table [T^ 

Finally, we summarize the results of the computation of the dimensions of the de Rham, the Dolbeault, 
and the Bott-Chern cohomologies in Table [T51 (see [CTl Example 2] for the Dolbeault cohomology). 



Remark 2.27. Note that, for any {p,q) G Z^, 

dime H'^'ciX) + dime i?^'^(X) - dime HP-\X) + dime HP \X) 
in both case (0 and case (0); note also that 

f 8 for fc e {1, 5} 



(dime HPg^^iX) + dime i/P'«(X))-2 dime H^^^iX; C) 

p+q=k 



and 



(dime H^B^c {X) + dime H^/ {X))-2 dime H'^aniX- C) = 

p+q=k 



20 for k e {2, 4} 

24 for fc = 3 

otherwise 

f 4 for fc e {1, 5} 

8 for k e {2, 4} 

8 for fc = 3 

otherwise 



in case (to]) 



in case ([&]) ■ 
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CcLdc ( \) J 


-"scU ) 




(0, 0) 


C (1) 




(1 01 


C {\A zA) 




(0, 1) 


C ([d ztD 




(2,0) 


C (re-"^i dzial, 


c"^i dzril, [dz23l) 


(1, 1) 


C ([d ZitI) 




fO 2) 




f*^-'- d ZTqI [d ZnQl'i 


(3,0) 


C([d Z123I) 




(2, 1) 


C ([c^^i dzipTl, 


fe^^ dziQil, fdzoQil) 

L ^ ±oiJ' L -ioij/ 








(0,3) 


C ([d ZT9^1) 




(3 1) 






(2, 2) 


C([c-^idZi223] 


[e^'dZi323], [d2;2323]> [C'^' <iz2312], [C^'dz2313]) 


(1,3) 


C([dzn23]) 




(3,2) 


C([e-^"idzi23i2 


], [C^i dZi2313], [dZi2323]) 


(2,3) 


C([e-^idZi2123 


], [C^i dZi3i23], [d 2:23123]) 


(3,3) 


C ([d Z123123]) 



Table 11. The Bott-Chern cohomology of the complex parallelizablc Nakamura mani- 
fold in case |6]). 



case ^ 


Al 





C(l) 


1 


C (d zi, d Zj) 


2 


C(dzii, dz23, dzgg) 


3 


C(dzi23, dzi23, dzi23, dzi23) 


4 


C^(d2i231, dz2323, 'AZii2^) 


5 


C(d 223123, dzi2323) 


6 


C(dZi23i23) 



Table 12. The cochain complex A* in ([T} for the complex parallelizable Nakamura 
manifold in case 



2.5. Currents. Let X be a compact complex manifold, of complex dimension n. Denote the space 
of currents on X by D'''X D„_,.„_,X, namely, the topological dual space of A"^*'"~*X; endow 
T)' 'X with a structure of double complex, by defining d: V)' 'X V)'+^^'X and d: T>' 'X D'-'+^X 

by duality. 

By means of the injective operator 

T. : A*'* X D*''X , -.^ I rjA - , 

Jx 

which satisfies T o d = d o T and T o d ^ d o T , consider the de Rham double complex (a*'*X, d, d) as 
a double sub-complex of (D*^*, d, d). 

For (p, q) G 7?, denote the sheaf of p-holomorphic forms on X by fi^, denote the sheaf of (p, q)-iorms 
on X by A^"^ , and denote the sheaf of bi-degree (p, (7)-currents by T)^'^. Recall that, for any fixed p e Z, 
both 

O^l^P, ^ (y^P;', 9) and 0->r!^ ^ (P^', 9) 
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dimcHj (i\Cjrj 


case 


m 


case 


nil 

m 




dR 


d 


BC 


dR 


d 


BC 


(0,0) 


1 


1 


1 


1 


1 


1 


(1.0) 


Z 


3 


1 


z 


3 


1 


(0,1) 




3 


1 




1 


1 


(2,0) 




3 


3 




3 


3 


(1,1) 


5 


9 


7 


3 


3 


1 


(0,2) 




3 


3 




1 


3 


(3,0) 




1 


1 




1 


1 


(2,1) 


8 


9 


9 


4 


3 


3 


(1,2) 




9 


9 




3 


3 


(0,3) 




1 


1 




1 


1 


(3,1) 




3 


3 




1 


1 


(2,2) 


5 


9 


11 


3 


3 


5 


(1,3) 




3 


3 




3 


1 


(3,2) 


2 


3 


5 


2 


1 


3 


(2,3) 




3 


5 




3 


3 


(3,3) 


1 


1 


1 


1 


1 


1 



Table 13. Summary of the 
Nakamura manifold. 



di 



mcnsions of the cohomologics of the complex parallelizable 



arc fine (and hence acyclic, see, e.g., [371 IV. 4. 19]) resolutions of f2^, and hence 
see, e.g., [37l IV.6.4]. 

Remark 2.28. More precisely, given X a compact complex manifold, for any p G Z and for any q G Z, 
the maps T. : (A'-'X, d) (D''«X, d) and T. : {ap^'X, d) (DP-'X, d) are quasi-isomorphisms. 

Indeed, firstly, we show that T. : (a^^'X, d) (I)P'*X, d) induces an injective map in cohomology. 
Fix g a Hermitian metric on X. If T[a] ~ [dS] ~ [0] £ H' (J)P''X, d) with a the Dg-harmonic 
representative of [a] <E H' (ap^'X, d) and S G DP '-^X, then in particular T„[^^^^= 0. Since *ga G 

ker 9, it follows that = T„ (*oa) = I a A *oQ! and hence a ~ 0. Now, since — 7=-^ : {■ and 

' a \ g J J g J im(a: AP''-^ X ~^AP-' X) 

ker (a. D — x-kd x) isomorphic C-vector space of finite dimension, it follows that T. : (ap^'X, d) ^■ 

im(a: DP.«-iX->-DP.«X) ^ ^ ' V ' / 

(DP''X, d) is actually a quasi-isomorphism. By conjugation, also T. : {A*''^X, d) (D*-'X, d) is a quasi- 
isomorphism. 

By applying Proposition O to {AP''X,d) ^ (DP''X, 9), or by noting that both ^ ^ 
{Ax (H) C, d) and — > — > (T^x ® '^i acyclic resolutions of the constant sheaf C^^ over X 

(where, for fc G Z, the sheaf of fc-forms on X is denoted by Ax, and the sheaf of degree fc-currents is 
denoted by T>x), one gets that 

ker (d : A' X^^C^ A'+^X 0r C) _ ^. .^.^^ ^ ker (d: B'X (^r C ^ D'+^X 0r C) 
im(a: A— iX®rC^A'X®kC) ^ '-x)- (d : D— iX Or C ^ D'X ®r C) 

Lemma 2.29. Lef X be a compact complex manifold. For any {p,q) G Z^, t/ie map T. : A*'*X — >■ D*'*X 

induces a surjective map 

^ ker(d: AP'9X ^ AP+9+iX(g)RC) _^ ker (d: D^-^X ^ Dp+'+^X (g)R C) 



im(d: AP+'J-i X ®R C ^ AP+«X ®R C) im (d: DP+9-iX ®r C ^ Dp+^X (Or C) ' 
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in fact an isomorphism. 



Proof. Consider the regularization process in |351 Theorem III. 12]; there exist R: D*'*X l\'''X and 
A: T)*X (X)R C D*+^X (8)r C linear operators such that 

idD'.'X = -R + dA + Ad, and i?[A«,«x = idA«.»x and A[a«.«x = 0. 

lake b G iin(d- Dp+g-iX(giKC-^Dp+'iX(g)KC) • '^in.'^'^ the map 1.: A' A^D'A is a quasi-isomorphism, 
then there exist jy e kerdn A^'^ X and ?7 G DP+'^^X (8)r C such that 

S = T,,+dU; 

hence one gets 

RS = T^ + d{U - AS) , 

and hence the lemma follows. □ 

As a consequence, by using Theorem ll.3l we get another proof of the following result by M. Schweitzer: 
see [77], and also [58l §3.4], where it is noticed as a consequence of the hypercohomological interpretation 
of the Bott-Chern cohomology, see also [371 IV. 12.1]. 

Corollary 2.30 (see |771 §4.d]). Let X be a compact complex manifold. Then, for any {p,q) G Z^, the 
natural map 

ker {d + d: A^^? X AP+1'«X ® AP'^+^X) ker {d + d: D^'^X ^ W+^^'^X ® DP'^+^X) 
■' im {dd: hP-^-i-^ X AP'^X) ^ im {dd: Bp-^'I-'^X BP'IX) 

induced by T. : A*'* X 3 rj t-^ Tjj := /y A • G T)'''X is an isomorphism. 

Proof. We firstly prove that T. induces an injective map in Bott-Chern cohomology. Indeed, let a ~ 
\a] G H^%{X) be such that \Ta] = G J^^^ ^ — —■ Choose q a Hermitian metric 

L J BL,\ I L uj im(a9: Dp-i.<!-iX->Dp.<!A j ^ 

on X, and let a G /\^'''X be the A^'^-harmonic representative of a with respect to g. Therefore, there 
exists 5* G D^'~^'^~^X such that Tq, ~ ddS. In particular, ?q[]^^j, 0. Since *gQ; G ker 99, it follows 
that = Tq {^gCt) = J-^a A *ga, and hence o = [a] = 0. 

We prove now that T. induces a surjective map in Bott-Chern cohomology. Firstly, by Rcmark l2.281 for 
any p G N and for any qeN, the maps T. : {A'^^X, d) (D''«X, d) and T. : {ap^'X, d) {BP-'X, d) 
are quasi- isomorphisms. Furthermore, by Lemma 12.291 the induced map 

ker (d : A' X^C^ A'+^X ® C) n AP^'^X ker (d : D'X ® C ^ D'+^X ® C) n DP^X 
^' ■ im(d: A*-^ X®£.^ A*X®C) ^ im (d :D*~^X®C^ D»X ® C) 

is surjective. Hence, Theorem 11.31 applies, yielding that the map T. induces a surjective map in Bott- 
Chern cohomology. □ 

Remark 2.31. Given X a compact complex manifold of complex dimension n and G a finite group 
of biholomorphisms of X, consider the compact complex orbifold X := X /G of complex dimension n 
(namely, j76l Definition 2], X is a singular complex space whose singularities are locally isomorphic to 
quotient singularities C"/G with G C GL (C") finite; see [H Theorem 1], see also [TOl Theorem 1.7.2]). 

By extending the action of G on X to A'X , respectively A*'*X, set A'X the space of G-invariant 
forms in A'X, respectively A'''X the space of G-invariant forms in A*''X. Analogously, consider D'X 
the space of G-invariant currents in T>'X , respectively T>''*X the space of G-invariant currents in D'^'X . 

Consider the sub-complex T. : [a'-'X, d, 'dj ^ (d'^'A, 9, 'dj . By W. L. Baily's result [H page 
807], and arguing as in Remark 11.91 bv means of a Hermitian metric on A, namely, a G-invariant Her- 
mitian metric on A, it follows that, for any p G N, the induced inclusion T. : ^A^^'A, d^ ^ ^D^''*A, d^ 
is a quasi-isomorphism; by conjugation, it follows also that, for any g G N, the induced inclusion 
T. : (a'-'A, d^ ^ ^D'^'^A, d^ is a quasi-isomorphism. In particular, by using Proposition 11.11 one 

recovers that the induced inclusion T. : (A* A, d) ^ (D'A, d) is a quasi-isomorphism, as proved also 



by I. Satake, [Zi Theorem 1]. 
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We note that the inclusion T. : A*'* X — > D*'*X induces a surjective map 

kcr fd: AP+« 1 C ^ AP+^+^X ®r c) n A^^'l 
T. : 



im (d: Ap+i-^ X «)r C ^ Ap+iX «)r 
ker fd: DP+^X C ^ DP+^+^X ®h n BP'^X 



im d: ®R C ^ ®r C 



indeed, since g* oTo g* = T for any g G G, the regularization (see [3H1 Theorem III. 12]) of a G-invariant 
current of bidegrec {p, q) gives a G-invariant (p, (7)-form. 

Hence, Theorem [13] applies, yielding that, for any (p, G N^, the inclusion T. induces an isomorphism 



ker(^d: A^'' X ^ AP+1'«X ® AP-^+^x) ^ ker (^d : D^-^X ^ DP+^^'X © DP'^+^x) 
dd: AP-i'9-i i: ^ AP'9X^ im ( dd: T)P-^'1-^X DP'IX 



T. 

as proved also in [SJ Theorem 2.1]. 

Note that one can argue also by means of the sheaf-theoretic interpretation of the Bott-Chcrn and 
Aepph cohomologies, developed by J. -P. Demailly, [371 §V 1.12.1] and M. Schweitzer, [771 §4], see also 
[Si §3.2]. 

2.6. Symplectic manifolds. Let X be a 2n-dimensional compact manifold endowed with a symplectic 
structure w, namely, a non-degenerate d-closed 2-form on X. The symplectic form w yields the natural 
isomorphism 

I:TX^T*X , /(•)(••) := oj{;-) ■ 
Define the canonical Poisson bi-vector associated to lu as 

n :=: uj-^ u {r^ ■■) e A^TX , 

and, for fc G N, let (w^^)'" be a bi-linear form on a''X defined, on the simple elements A- ■ ■Aa'' G A^X 
and A • • • A Z?*^ e A^X, as 

{uj-'f (ai A • • • A a^ A • • • A := det {uj-^ {a\ P')) ■ 

Define the symplectic-k- operator, [221 §2], 

A*X^A^"~'X 

by requiring that, for every a,/3 € A^X, 

aAir^fS ^ (uj-^)'' {a, (5) w" . 

The operators 

L € End^ (A'X) , L{a) := w A a , 

A e End"^ (A'A) , A(a) := -Lna , 

e End° (A'A) , H{a) := ^ - fc) Tr^-^xa , 

yield an s[(2; IR)-rcprcscntation on A*A, see, e.g., [551 Corollary 1.6] (where : A* A — >■ A*~^A denotes 
the interior product with ^ S A^ (TX), and Tr^fcx- A* A — >■ a'^A denotes the natural projection onto 

a'^'A, for ken). 

Define the symplectic co- differential operator as 

d"^ := [d. A] e End^i (A'A) ; 

one has that 



d, d^ 



- 0, 



see, e.g., [SHI page 266, page 265], [HI Proposition 1.2.3, Theorem 1.3.1]. 

Miming the Bott-Chern cohomology for complex manifolds, other than the cohomologies 

. , , kcrd - , , kerd^ 

H'RiX;R) :^ —r and F'^X; M) — , 

mi a im d 
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one can define, following L.-S. Tseng and S.-T. Yau, ^ §3.2, §3.3], see also [101 IM], 

H'sciX;m := ^^L^I^ and H'AX;R) r^^^ • 
im d d ini d + im d 

Note that -k'l = id^-x, [H Lemma 2.1.2], and that d^l^kx= (-1)''"''^ *uj d for any fc e N, [H 
Theorem 2.2.1]. In particular, it follows that the symplectic Hodge-*-operator induces the isomorphism, 
[21 Corollary 2.2.2], 

Let J be an w-compatible almost-complex structure on X, namely, g := J--) is a J-Hermitian 
metric on X. As a consequence of the Hodge theory for L.-S. Tseng and S.-T. Yau's symplectic coho- 
mologies developed in [751 §3-2, §3.3], one gets that the Hodge-*-operator *g: A* X — > A^"^*X induces 
the isomorphism, [751 Corollary 3.25], 

*g: H'bc{X;R)^ Hf-'{X;R) . 

Let X = r\G be a solvmanifold endowed with a C?-left-invariant symplectic structure w. Denote the 
Lie algebra associated to G by g: it is endowed with the linear symplectic structure uj G A^g*. By means 
of left-translations, one has the Z-graded R- vector sub-space t : A' g* ^ A*X; since ui is G- left-invariant, 
the space A*g* is endowed with the (restrictions of the) differentials d and d^. Therefore one can consider 
the Z-graded R- vector spaces 

and 



im d 



. , kcrdnkcrd^ kcrdd^ 

im d d im d -|- im d 

The inclusion t: A* g* ^ A'X induces, for (J e jdi?, d"^, BC, a|, the natural map 

t: H; iQ;R) ^ H; {X;R) . 

By A. Hattori's theorem [3S1 Corollary 4.2], if G is completely-solvable, then the natural map 
H*i^ (g; M) —J- (AT; M) is an isomorphism. 

The following result states that, for a completely-solvable solvmanifold, the L.-S. Tseng and S.-T. Yau 
symplectic cohomologics can be computed using just left-invariant forms; we refer to [621 Theorem 3] by 
M. Macri for a different proof of the same result. 

Theorem 2.32 (see |62[ Theorem 3]). Let T\G be a completely-solvable solvmanifold endowed with a 
G -left-invariant symplectic structure lo. Then, for tt e {di?, d^, BG, a|, the natural map 

l: h; {q-r) h; {x-r) 

is an isomorphism. 

Proof. We split the proof in the following steps. 
Step 1 - The de Rham cohomology. 

By Hattori's theorem [48l Corollary 4.2], one has that the natural map l: H*j^ (g;R) (A;R) is 

an isomorphism. 

Step 2 - The symplectic -cohomology. 

Since w is G-left- invariant, then the symplectic-*-operator -k^: A* A — > ^dimX-.^ induces the 
isomorphism *(^[A«g*: A* g* — > a'*""^- B^*g*. Hence, since (*wLA'a*)^ — *'il/\'g*= idA'B* ^^'^ 
d^LA*B*= (—1)'^^"^ La'b* d[A«£|- t^tcjLa'b* for any fc S N, one has the isomorphism*^: iJ'^(g;R) ^■ 
-ff^A""* ^ '(g; K)- Therefore one gets the commutative diagram 

H',R (S; M) H',^ (A; R) 



H^r- (g; R) ^r"""' (A; R) , 

from which it follows that the natural map l: H*a (g;R) H'a (A;R) is an isomorphism. 
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Step 3 - The symplectic Bott-Chern cohomology. 

Consider the Z-graded E-vector space A'X endowed with d e End^ (A*X) and d^ € End^^ {^'^) such 
that d^ = (d^^) = d, d"^ = 0. Following El §1.3], [H §4.2], see gl §11.2], EH §11], take an infinite 
cyclic multiplicative group {/3™ : m E Z}, and define the Z^-graded M-vector space 

Doub'i''"A'X := A'^-'^X 

endowed with 

d^Rid e End^'"(Doub'''A*X) and d"^ e End"'^ (Doub*'* A'X) . 

Then, for tj e { dR, d^, BC, a], by denoting with H'-' (Doub'^' A'X) the cohomology of the 

L J Jd»|,id,dA ®E<3 

complex associated to lid ®b id.d^ (gp./s j there are natural isomorphisms of R- vector spaces, [TUl Lemma 1.5], 
H''^" (Doub'^'A'X) ~ H:'-'^A'X)(E)mM.I3*^ . 

Analogously, by setting Doub'^'*^ A*g* := A'^^'^q* ®rM/?'^, one gets the double sub-complex 
fDoub'^'A'O*, d®Kid, d^(g)K/3) ^ f Doub*'* A'X, d^^id, (g>ml3] 



Once again, for U e d^, BC, a| there are natural isomorphisms of R- vector spaces 

H;"'' ^ (Doub'''A'0*) ~ ff:i-'MA'0*)®RK/3'^ . 

In particular, one has that, for every r G Z, for every s e Z, the induced maps ^Doub'^'* A'g*, d"^ ^ 
(bouV-' A'X, d^<SiR/3j and (Doub'''* A'g*, d(K)Rid) ^ (Doub*'" A'X, d^Rid) are quasi-isomorphisms. 

Note that both the spectral sequences associated to the double complex (ooub'^'A'X, d®Rid, d^(8R/3 

degenerate at the first level, [H Theorem 2.3.1], gOl Theorem 2.5], see also [IHl Theorem 2.9], [23 The- 
orem 5.2]. Hence it follows that 

ker (d: TotP+« (Doub*'* A'g*) ^ TotP+«+^ (Doub''' A'g*)) n Doub"'' A'g* 
im(d: Totf+«-i (Doub'^'A'g*) ^ TotP+'' (Doub'^' A'g*)) 

~ HP'^ (Doub'-' A'g*) ~ if^^'(g;M) ®r W , 

and that 

ker (d: TotP+« (Doub''' A'X) ^ TotP+^+i (Doub''' A'X)) n Doub^'^ A'X 
im (d: TotP+'?-i (Doub''' A'X) ^ TotP+« (Doub''' A'X)) 

~ (Doub''' A'X) ~ ff^^''(X; M) ®r . 

Hence the induced map 

ker (d: TotP+« (Doub''' A'g*) ^ Tot^+^+i (Doub''' A'g*)) n Doub"'* A'g* 
im (d: TotP+«-i (Doub'-' A'g*) ^ TotP+« (Doub''' A'g*)) 

ker (d; Totf+« (Doub''' A'X) ^ TotP+«+^ (Doub*'' A'X)) n DoubP'« A'X 
^ im (d: TotP+9-i (Doub''' A'X) ^ Totf+« (Doub''' A'X)) 

is surjective, in fact an isomorphism. 

Step 4 - The symplectic Aeppli cohomology. 

Let J be a G- left- invariant w-compatible almost-complex structure on X, and consider the G- left- 
invariant J-Hcrmitian metric g u) (•, J--). By [THl Corollary 3.25], the Hodge-^-operator *g: A' X — >■ 
A^"^'X induces the isomorphism *g : i7^p(X;E) ^ 7?^"~'(X; M), and, since g is G- left-invariant, also 
the isomorphism *g : i7^^(g;M) if^"^'(g;R). Hence one has the commutative diagram 

H'sc (S; K) ^^sc {X; R) 
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from which it follows that also the natural map l: H\ H\ (X;R) is an isomorphism. 



□ 



We now generalize the above results to the case of (non-necessarily completely-solvable) solvmanifolds 
endowed with a left-invariant symplectic structure. Consider the sub-complex A* C A' T\G (8irC defined 
in (m and suppose that d [a* : ^ A^~^ . Then define 

As a consequence of the previous results, wc get the following theorem. 

Theorem 2.33. Let T\G he a 2n- dimensional solvmanifold endowed with a G -left-invariant symplectic 
structure uj. We consider the subcomplex A' C A* T\G ®r C defined in ([T]). We suppose that uj G Ap. 
Then we have: 

• the symplectic Hodge-k-operator satisfies *u;La* : ^ A^~* , and hence the symplectic co- 
differential operator satisfies A^\_a^ '■ A^ — > A^~^ ; 

• the inclusion A' ^ A* T\G (Eik C induces the isomorphism 

H'sc{A'r)^H'sc{r\G)^MC. 

Proof. Denote the Lie algebra associated to G by g, and its complexification by gc •= ®R C, and 
consider a basis {Xi, . . . , X2n} of Qc with respect to which Ads = diag (ai, . . . , a2n) for some characters 
ai, . . . , a2n & Hom(G'; C*). Denote by {xi, . . . , X2n} the dual basis of of {^i, . . . , ^2n}- Recall that, 
by ©, for anype N, 

A^ = C (ckii-.-iy A • • • A I 1 < ii < i2 < ■ ■ ■ < ij} < 2n such that ai^...i^ [r= l) , 

where ai^...i^ := a.i^ a,^ e Hom (G; C*). 

Define the subspace A* of A'G C as 

A' := A'C {ai xi, . . . , a„ Xn) ■ 

Then, since the space of F-left-invariant forms in A*G (X)r C is (A*G (8ir C)'" = A* T\G (X)r C, we have 

A' = A' n (A'G^rC)^ . 

Let UJ G A^ he a symplectic form. Then we can regard w as a symplectic bi-C-linear form on the C-vector 
space C (tti Xi, . . . , a2n X2n), and we have 

*^Ia- : A' ^ A^"-' . 

Suppose that w e (A'G (8)r C)'". Then we have 

*-L(A.G«Mcr: (a-g®rC)^^(a2"-g®rC)^ . 

Hence we get 

^u^Ui-.Al^Al"-' . 
By Theorem 12. 8[ the inclusion A* ^ A' r\G ®r C induces the isomorphism 

H' (A^d)4i7'^(r\G;C). 
As similar to the proof of Theorem 12.321 by means of the isomorphisms 

H' {Al, d) 4 (a^ d^) and H'^j,ir\G ;€) ^ iJ^^- (r\G ;C) , 

we have the isomorphism 

H' (a^ d^) 4ff'.(r\G;C) . 

As similar to the proof of Theorem l2.32l wc take an infinite cyclic multiplicative group {/J™ : to € Z}, 
we define Doub'^'*" A^ := A'^-'^ (g)R and Doub''* A'X := A'^~'^X (g)R R/3'\ and we consider the 
double complexes 

(^Doub*'* AJ^, d®Rid, d'^^R/j) and (^Doub*'* A'X, d®Rid, d^ ®r^) . 
Consider the finite set of characters 

{aji...,p e Hom(G; C*) : 1 < ii < i2 < ■ ■ ■ < ip < 2n such that Q;ij...jp [r= l} ; 
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we consider the subcomplex 

[) -^(aT\G(»mC, d) 



f 

\aeAr 



as in Theorem 12.91 By considering the F. A. Belgun symmetrization map /x: A* X C — ?> A*gJ, [13 
Theorem 7], since lo is G- left-invariant, for a G-left-invariant form 9 on T\G and a function / on T\G 
we have 

*A^^ifO)) = Kf) W - M(*c.(/e)) . 

Hence we have 

We consider the morphism 

$ := ^ (p„ : A' r\G ®R C ^ a • A'gJ , 

as in Theorem 12.91 where we recall that, for a E Ar, 



ipa ■■= a- fi (^-j : A* r\G «)r C a • A'g^ ■ 

Then we have 

o $ = $ o . 

Hence the operator d"^ is defined on ^^^^[-^ a ■ A'q^ and we have the diagram 



{®aeAr " ■ ^'flo d, d^) (a- r\G , d, d' 

We consider the decomposition 

a-A'g*c = Al®D' 

aeAr 

of cochain complexes as in the proof of Corollarv l2.10l Then is the sub-complex that consists of the 
elements of ^^leAr ^ ' ^*'*flc fixed by the action of Ads(G) and D* is its complement for the action. We 
have 

D* = C (a A • • • A Xi^ | 1 < zi < Z2 < • • • < ip < 2/1 such that a. S and a ^ ai-^,_i^'j . 

Hence for d £ D* we can write d = j=i '^j such that ai , . . . , 02,1 G and ai , . . . , a2n are non-trivial 
character. We have *uj{d) = Q^j *w (ij)- Since *u:{aj) G Ap"^* and ai, . . . ,a2n are non-trivial, we 

have *^{d) G Z?^"~*. Hence we have 

Since D* is a sub-complex, the operator d'^ is defined on D* and the projection p: QaeAr "^'^*0c ^ 
is a homoniorphism which commutes with the operators d and d^. Hence we have the diagram 



(a- , d, d^) {®aeAr " ■ ^'Sh d, d^) (a. r\G , d, d^) . 

P <s> 
This implies that the induced map 

t: H'sc {A'r)^H'sc{r\G)mC 

is injective. 

To prove surjectivity, as similar to the proof of Theorem 12.321 we consider the double complexes 



and 



I^Doub'-'A'X, d®Rid, d'^(8R^j , 
Doub*'* a • A'flc, d®Rid, d'^^R/? j , and (^Doub*'* ^p, d (g)R id, d^ «)r/3) 



aGAr 
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Then we have the diagram 

(Doub'-M*, d^Mid, d^®RP 
(Doub*^'©„g_4^a- A'flJ, d®Kid, d^ ®e/3 
f Doub*'* A* r\G , d id, d^ ®r/? 



Hence as similar to the previous arguments, for any (p, q) G Z , the induced map 

kor(d: Tot''+«(Doub*-* A*)^TotP+«+i(Doub*'* A*))nDoubP'5 A*g* 
im(d: TotP+'J-i(Doub*'' )^TotP+'j(Doub''' A')) 



kor(d: Totf+«(Doub*'* A* r\G )^Totf +«+^(Doub*-* A* r\G ))nDoubP''' A* r\G 
im(d: TotP+9-i(Doub*'' A* r\G )-s-TotP+'! (Doub*-* A* r\G)) 

is an isomorphism. By applying Theorem 11.31 the induced map 

l-.H'bc (A')^if-c(r\G)®RC 

is surjectivc, and hence the theorem follows. □ 

Example 2.34. We again consider the complex parallelizable Nakamura manifold r\G in Example 
12.251 We have the G-left-invariant symplectic structure 

u) := d zi A d zi + d 22 A d + d Z2 A d Z3 . 

Consider the subcomplex A* C A* T\G (E)r C defined in ([T]). 

For case and case {fop, the subcomplex A* is summarized in Table [HI respectively Table \T% Note 
that we have ui G in both cases. The operator d on A* is trivial and so d'^ is. Hence we have the natural 
isomorphism A* ^ Hg^{r\G) (8)rC. Since we have also the natural isomorphism A* ^ H*j^{T\G ; C), 
the natural map H^^(T\G) (8)r C — >■ H'j^{T\G ;C) is an isomorphism. Hence the dd'^-lemma holds, 
which is equivalent to the Hard Lefschetz Condition, namely, to [ujf : H^~''{T\G ; M) H'^^''{T\G ; R) 
being an isomorphism for every k G {0, 1,2,3}, [Ml Proposition 1.4], [3S], (131 Theorem 5.4]; (see also, 
e.g., [m Conjecture 2.2.7], [63 Corollary 2], [H Theorem 0.1], [ZH Proposition 3.13], [20], [62 §3, 
Theorem 4], [3 Remark 2.3], [lOl Theorem 4.4], [50l §8], [49l §5] for other results concerning Hard 
Lefschetz Condition on compact symplectic manifolds). 

Remark 2.35 ([H]). In particular, by the direct computations of Lefschetz operators, we can show 
that solvmanifolds r\G such that G — W tK^ R™ with a semi-simple action 0: R" — J- GL(R"') satisfy 
the Hard Lefschetz Condition, [321 Corollary 1.5]. In particular, completely-solvable Nakamura manifold 
satisfies the Hard Lefschetz Condition, [49] . 
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